Hamilton-Jacobi Theorems for Regular Controlled Hamiltonian System and
  Its Reduced Systems by Wang, Hong
ar
X
iv
:1
30
5.
34
57
v2
  [
ma
th.
SG
]  
17
 A
ug
 20
13
Hamilton-Jacobi Theorems for Regular Controlled
Hamiltonian System and Its Reductions
Hong Wang
School of Mathematical Sciences and LPMC,
Nankai University, Tianjin 300071, P.R.China
E-mail: hongwang@nankai.edu.cn
August 17, 2013
Abstract. In this paper, we first prove a Hamilton-Jacobi theorem for regular controlled
Hamiltonian (RCH) system on cotangent bundle of a configuration manifold, by using the sym-
plectic form. This result is an extension of the geometric version of Hamilton-Jacobi theorem for
Hamiltonian system given in Wang [25]. Next, we generalize the above result for regular reducible
RCH systems with symmetry, and obtain the Hamilton-Jacobi theorems for regular point and
orbit reduced RCH systems, by using the reduced symplectic forms. Moreover we prove that the
RCH-equivalence for RCH system, and RpCH-equivalence and RoCH-equivalence for reducible
RCH systems with symmetry, leave the solutions of corresponding Hamilton-Jacobi equations
invariant. As an application of the theoretical results, we consider the regular point reducible
RCH system on the generalization of a Lie group, and give the Hamilton-Jacobi theorem of
the system. In particular, we show the Hamilton-Jacobi equations of rigid body and heavy top
with internal rotors on the generalization of rotation group SO(3) and on the generalization of
Euclidean group SE(3) by calculation in detail, respectively, which describe explicitly the effect
on controls in regular symplectic reduction and Hamilton-Jacobi theory.
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1 Introduction
It is well-known Hamilton-Jacobi theory is an important part of classical mechanics. On the
one hand, it provides a characterization of the generating functions of certain time-dependent
canonical transformations, such that a given Hamiltonian system in such a form that its solu-
tions are extremely easy to find by reduction to the equilibrium, see Abraham and Marsden [1],
Arnold [2] and Marsden and Ratiu [17]. On the other hand, it is possible in many cases that
Hamilton-Jacobi theory provides an immediate way to integrate the equation of motion of sys-
tem, even when the problem of Hamiltonian system itself has not been or cannot be solved
completely. In addition, the Hamilton-Jacobi equation is also fundamental in the study of the
quantum-classical relationship in quantization, and it also plays an important role in the de-
velopment of numerical integrators that preserve the symplectic structure and in the study of
stochastic dynamical systems, see Ge and Marsden [7], Marsden and West [19] and La´zaro-Camı´
and Ortega [10]. For these reasons it is described as a useful tools in the study of Hamiltonian
system theory, and has been extensively developed in past many years and become one of the
most active subjects in the study of modern applied mathematics and analytical mechanics,
which absorbed a lot of researchers to pour into it and a lot of deep and beautiful results have
been obtained, see Carin˜ena et al [5] and [6], Iglesias et al [8], Leo´n et al [11, 12] Ohsawa and
Bloch [20], Vitagliano [23], Wang [25] for more details.
On the other hand, we note that the theory of mechanical control systems has formed an
important subject in recent years. Its research gathers together some separate areas of research
such as mechanics, differential geometry and nonlinear control theory, etc., and the emphasis of
this research on geometry is motivated by the aim of understanding the structure of equations
of motion of the system in a way that helps both analysis and design. Thus, it is natural to
study mechanical control systems by combining with the analysis of dynamic systems and the
geometric reduction theory of Hamiltonian and Lagrangian systems. In particular, we note that
in Marsden et al [18], the authors studied regular reduction theory of controlled Hamiltonian
systems with symplectic structure and symmetry, as an extension of regular symplectic reduc-
tion theory of Hamiltonian systems under regular controlled Hamiltonian equivalence conditions.
Wang in [24] generalized the work in [18] to study the singular reduction theory of regular con-
trolled Hamiltonian systems, and Wang and Zhang in [27] generalized the work in [18] to study
optimal reduction theory of controlled Hamiltonian systems with Poisson structure and sym-
metry by using optimal momentum map and reduced Poisson tensor (or reduced symplectic
form), and Ratiu and Wang in [22] studied the Poisson reduction of controlled Hamiltonian
system by controllability distribution. These research work not only gave a variety of reduction
methods for controlled Hamiltonian systems, but also showed a variety of relationships of con-
trolled Hamiltonian equivalence of these systems. Now, it is a natural problem how to study the
Hamilton-Jacobi theory for controlled Hamiltonian system and a variety of reduced controlled
Hamiltonian systems by combining with reduction theory and Hamilton-Jacobi theory of Hamil-
tonian systems. This is goal of our research.
2
Just as we have known that Hamilton-Jacobi theory from the variational point of view is
originally developed by Jacobi in 1866, which state that the integral of Lagrangian of a system
along the solution of its Euler-Lagrange equation satisfies the Hamilton-Jacobi equation. The
classical description of this problem from the geometrical point of view is given by Abraham
and Marsden in [1] as follows: Let Q be a smooth manifold and TQ the tangent bundle, T ∗Q
the cotangent bundle with a canonical symplectic form ω and the projection πQ : T
∗Q→ Q.
Theorem 1.1 Assume that the triple (T ∗Q,ω,H) is a Hamiltonian system with Hamiltonian
vector field XH , and W : Q → R is a given function. Then the following two assertions are
equivalent:
(i) For every curve σ : R → Q satisfying σ˙(t) = TπQ(XH(dW (σ(t)))), ∀t ∈ R, then dW · σ is
an integral curve of the Hamiltonian vector field XH .
(ii) W satisfies the Hamilton-Jacobi equation H(qi, ∂W
∂qi
) = E, where E is a constant.
It is worthy of note that if we take that γ = dW in the above theorem, then γ is a closed
one-form on Q, and the equation d(H · dW ) = 0 is equivalent to the Hamilton-Jacobi equation
H(qi, ∂W
∂qi
) = E, where E is a constant. This result is used the formulation of a geometric version
of Hamilton-Jacobi theorem for Hamiltonian system, see Carin˜ena et al [5] and Iglesias et al [8].
On the other hand, this result is developed in the context of time-dependent Hamiltonian system
by Marsden and Ratiu in [17]. The Hamilton-Jacobi equation may be regarded as a nonlinear
partial differential equation for some generating function S, and the problem is become how to
choose a time-dependent canonical transformation Ψ : T ∗Q× R→ T ∗Q× R, which transforms
the dynamical vector field of a time-dependent Hamiltonian system to equilibrium, such that
the generating function S of Ψ satisfies the time-dependent Hamilton-Jacobi equation. In par-
ticular, for the time-independent Hamiltonian system, we may look for a symplectic map as the
canonical transformation. This work offers a important idea that one can use the dynamical
vector field of a Hamiltonian system to describe Hamilton-Jacobi equation. Moreover, assume
that γ : Q → T ∗Q is a closed one-form on Q, and define that XγH = TπQ · XH · γ, where XH
is the dynamical vector field of Hamiltonian system (T ∗Q,ω,H). Then the fact that XγH and
XH are γ-related, that is, Tγ ·X
γ
H = XH · γ is equivalent that d(H · γ) = 0, which is given in
Carin˜ena et al [5] and Iglesias et al [8]. Motivated by the above research work, Wang in [25] used
the dynamical vector field of Hamiltonian system and the regular reduced Hamiltonian system
to describe the Hamilton-Jacobi theory for these systems.
Since the Hamilton-Jacobi theory is developed based on the Hamiltonian picture of dynam-
ics, it is natural idea to extend the Hamilton-Jacobi theory to the regular controlled Hamiltonian
system and its regular reduced systems, which are introduced in Marsden et al [18], and it is
possible to describe the relationship between the RCH-equivalence for RCH systems and the
solutions of corresponding Hamilton-Jacobi equations. The main contributions in this paper
is given as follows. (1) We prove a Hamilton-Jacobi theorem for RCH system on cotangent
bundle of a configuration manifold, by using the symplectic form under a weaker condition; (2)
We generalize the above result to regular reducible RCH systems with symmetry by using the
reduced symplectic forms, and obtain the Hamilton-Jacobi theorems for regular point reduced
RCH system and regular orbit reduced RCH system (see Theorem 3.4 and Theorem 4.4); (3) We
prove that the RCH-equivalence for RCH system, and RpCH-equivalence and RoCH-equivalence
for reducible RCH systems with symmetry, leave the solutions of corresponding Hamilton-Jacobi
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equations invariant (see Theorem 2.9, Theorem 3.6 and Theorem 4.6); (4) As an application,
we give the Hamilton-Jacobi theorem of the regular point reducible RCH system on the gener-
alization of a Lie group, and show the Hamilton-Jacobi equations of rigid body and heavy top
with internal rotors by calculation in detail, respectively, which describe explicitly the effect on
controls in regular symplectic reduction and Hamilton-Jacobi theory.
A brief of outline of this paper is as follows. In the second section, we first review some
relevant definitions and basic facts about RCH systems and RCH-equivalence, then give a key
lemma, which is obtained by a careful modification for the corresponding result of Abraham and
Marsden in [1], then prove a Hamilton-Jacobi theorem for RCH system on cotangent bundle
of a configuration manifold, by using the symplectic form and above lemma. This result is an
extension of the geometric version of Hamilton-Jacobi theorem for Hamiltonian system given
in Wang [25]. From the third section we begin to discuss the regular reducible RCH systems
with symmetry by combining with the Hamilton-Jacobi theory and regular symplectic reduction
theory for RCH system. The regular point and regular orbit reducible RCH systems with
symmetry are considered respectively in the third section and the fourth section, and give the
Hamilton-Jacobi theorems of regular point and regular orbit reduced RCH systems by using
the reduced symplectic forms. As the applications of the theoretical results, in fifth section, we
consider the regular point reducible RCH system on the generalization of a Lie group, and give
the Hamilton-Jacobi theorem of the reduced system. In particular, we show the Hamilton-Jacobi
equations of rigid body and heavy top with internal rotors on the generalization of rotation group
SO(3) and on the generalization of Euclidean group SE(3) by calculation in detail, respectively.
These equations are more complex than that of Hamiltonian system without control, which
describe explicitly the effect on controls in regular symplectic reduction and Hamilton-Jacobi
theory. These research work develop the reduction and Hamilton-Jacobi theory of RCH systems
with symmetry and make us have much deeper understanding and recognition for the structure
of Hamiltonian systems and RCH systems.
2 Hamilton-Jacobi Theorem of RCH System
In this paper, our goal is to study Hamilton-Jacobi theory of RCH systems with symplectic
structure and symmetry. We shall prove the Hamilton-Jacobi theorems for RCH system and
regular reducible RCH systems, and describe the relationship between the RCH-equivalence
for RCH systems and the solutions of corresponding Hamilton-Jacobi equations. In order to do
these, in this section, we first review some relevant definitions and basic facts about RCH systems
and RCH-equivalence, which will be used in subsequent sections. Then we prove the Hamilton-
Jacobi theorem of RCH system by using symplectic form, and state that the solution of Hamilton-
Jacobi equation for RCH system leaves invariant under the conditions of RCH-equivalence. We
shall follow the notations and conventions introduced in Abraham and Marsden [1], Marsden
and Ratiu [17], Libermann and Marle [13], Ortega and Ratiu [21], and Marsden et al [18],
Wang [25]. In this paper, we assume that all manifolds are real, smooth and finite dimensional
and all actions are smooth left actions.
2.1 Regular Controlled Hamiltonian Systems and RCH-equivalence
In order to describe uniformly RCH systems defined on a cotangent bundle and on the regular
reduced spaces, in this subsection we first define a RCH system on a symplectic fiber bundle.
Then we can obtain the RCH system on the cotangent bundle of a configuration manifold as a
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special case, and discuss RCH-equivalence. In consequence, we can regard the associated Hamil-
tonian system on the cotangent bundle as a spacial case of the RCH system without external
force and control, such that we can study the RCH systems with symmetry by combining with
regular symplectic reduction theory of Hamiltonian systems. For convenience, we assume that
all controls appearing in this paper are the admissible controls.
Let (E,M,N, π,G) be a fiber bundle and (E,ωE) be a symplectic fiber bundle. If for any
function H : E → R, we have a Hamiltonian vector field XH by iXHωE = dH, then (E,ωE ,H)
is a Hamiltonian system. Moreover, if considering the external force and control, we can define
a kind of regular controlled Hamiltonian (RCH) system on the symplectic fiber bundle E as
follows.
Definition 2.1 (RCH System) A RCH system on E is a 5-tuple (E,ωE ,H, F,W ), where (E,ωE ,
H) is a Hamiltonian system, and the function H : E → R is called the Hamiltonian, a fiber-
preserving map F : E → E is called the (external) force map, and a fiber submanifold W of E
is called the control subset.
Sometimes, W also denotes the set of fiber-preserving maps from E to W . When a feedback
control law u : E → W is chosen, the 5-tuple (E,ωE ,H, F, u) denotes a closed-loop dynamic
system. In particular, when Q is a smooth manifold, and T ∗Q its cotangent bundle with a
symplectic form ω (not necessarily canonical symplectic form), then (T ∗Q,ω) is a symplectic
vector bundle. If we take that E = T ∗Q, from above definition we can obtain a RCH system on
the cotangent bundle T ∗Q, that is, 5-tuple (T ∗Q,ω,H,F,W ). Where the fiber-preserving map
F : T ∗Q → T ∗Q is the (external) force map, that is the reason that the fiber-preserving map
F : E → E is called an (external) force map in above definition.
In order to describe the dynamics of the RCH system (E,ωE ,H, F,W ) with a control law
u, we need to give a good expression of the dynamical vector field of RCH system. At first, we
introduce a notations of vertical lift maps of a vector along a fiber. For a smooth manifold E,
its tangent bundle TE is a vector bundle, and for the fiber bundle π : E → M , we consider
the tangent mapping Tπ : TE → TM and its kernel ker(Tπ) = {ρ ∈ TE|Tπ(ρ) = 0}, which
is a vector subbundle of TE. Denote by V E := ker(Tπ), which is called a vertical bundle of
E. Assume that there is a metric on E, and we take a Levi-Civita connection A on TE, and
denote by HE := ker(A), which is called a horizontal bundle of E, such that TE = HE ⊕ V E.
For any x ∈ M, ax, bx ∈ Ex, any tangent vector ρ(bx) ∈ TbxE can be split into horizontal
and vertical parts, that is, ρ(bx) = ρ
h(bx) ⊕ ρ
v(bx), where ρ
h(bx) ∈ HbxE and ρ
v(bx) ∈ VbxE.
Let γ be a geodesic in Ex connecting ax and bx, and denote by ρ
v
γ(ax) a tangent vector at
ax, which is a parallel displacement of the vertical vector ρ
v(bx) along the geodesic γ from bx
to ax. Since the angle between two vectors is invariant under a parallel displacement along a
geodesic, then Tπ(ρvγ(ax)) = 0, and hence ρ
v
γ(ax) ∈ VaxE. Now, for ax, bx ∈ Ex and tangent
vector ρ(bx) ∈ TbxE, we can define the vertical lift map of a vector along a fiber given by
vlift : TEx × Ex → TEx; vlift(ρ(bx), ax) = ρ
v
γ(ax).
It is easy to check from the basic fact in differential geometry that this map does not depend
on the choice of γ. If F : E → E is a fiber-preserving map, for any x ∈ M , we have that
Fx : Ex → Ex and TFx : TEx → TEx, then for any ax ∈ Ex and ρ ∈ TEx, the vertical lift of ρ
under the action of F along a fiber is defined by
(vlift(Fx)ρ)(ax) = vlift((TFxρ)(Fx(ax)), ax) = (TFxρ)
v
γ(ax),
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where γ is a geodesic in Ex connecting Fx(ax) and ax.
In particular, when π : E →M is a vector bundle, for any x ∈M , the fiber Ex = π
−1(x) is
a vector space. In this case, we can choose the geodesic γ to be a straight line, and the vertical
vector is invariant under a parallel displacement along a straight line, that is, ρvγ(ax) = ρ
v(bx).
Moreover, when E = T ∗Q, M = Q, by using the local trivialization of TT ∗Q, we have that
TT ∗Q ∼= TQ × T ∗Q. Because of π : T ∗Q → Q, and Tπ : TT ∗Q → TQ, then in this case, for
any αx, βx ∈ T
∗
xQ, x ∈ Q, we know that (0, βx) ∈ VβxT
∗
xQ, and hence we can get that
vlift((0, βx)(βx), αx) = (0, βx)(αx) =
d
ds
∣∣∣∣
s=0
(αx + sβx),
which is consistent with the definition of vertical lift map along fiber in Marsden and Ratiu [17].
For a given RCH System (T ∗Q,ω,H,F,W ), the dynamical vector field of the associated
Hamiltonian system (T ∗Q,ω,H) is thatXH = (dH)
♯, where, ♯ : T ∗T ∗Q→ TT ∗Q;dH 7→ (dH)♯,
such that i(dH)♯ω = dH. If considering the external force F : T
∗Q→ T ∗Q, by using the above
notation of vertical lift map of a vector along a fiber, the change of XH under the action of F
is that
vlift(F )XH (αx) = vlift((TFXH)(F (αx)), αx) = (TFXH)
v
γ(αx),
where αx ∈ T
∗
xQ, x ∈ Q and γ is a straight line in T
∗
xQ connecting Fx(αx) and αx. In the same
way, when a feedback control law u : T ∗Q → W is chosen, the change of XH under the action
of u is that
vlift(u)XH (αx) = vlift((TuXH)(u(αx)), αx) = (TuXH)
v
γ(αx).
In consequence, we can give an expression of the dynamical vector field of RCH system as follows.
Proposition 2.2 The dynamical vector field of a RCH system (T ∗Q,ω,H,F,W ) with a control
law u is the synthetic of Hamiltonian vector field XH and its changes under the actions of the
external force F and control u, that is,
X(T ∗Q,ω,H,F,u)(αx) = XH(αx) + vlift(F )XH(αx) + vlift(u)XH (αx),
for any αx ∈ T
∗
xQ, x ∈ Q. For convenience, it is simply written as
X(T ∗Q,ω,H,F,u) = (dH)
♯ + vlift(F ) + vlift(u). (2.1)
We also denote that vlift(W ) =
⋃
{vlift(u)XH | u ∈W}. For the RCH system (E,ωE ,H, F,W )
with a control law u, we have also a similar expression of its dynamical vector field. It is wor-
thy of note that in order to deduce and calculate easily, we always use the simple expression
of dynamical vector field X(T ∗Q,ω,H,F,u). Moreover, we also use the simple expressions for RP -
reduced vector field X((T ∗Q)µ,ωµ,hµ,fµ,uµ) and RO-reduced vector field X((T ∗Q)Oµ ,ωOµ ,hOµ ,fOµ ,uOµ)
in §3 and §4.
Next, we note that when a RCH system is given, the force map F is determined, but the
feedback control law u : T ∗Q → W could be chosen. In order to describe the feedback control
law to modify the structure of RCH system, the Hamiltonian matching conditions and RCH-
equivalence are induced as follows.
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Definition 2.3 (RCH-equivalence) Suppose that we have two RCH systems (T ∗Qi, ωi,Hi, Fi,Wi),
i = 1, 2, we say them to be RCH-equivalent, or simply, (T ∗Q1, ω1,H1, F1,W1)
RCH
∼
(T ∗Q2, ω2,H2, F2,W2), if there exists a diffeomorphism ϕ : Q1 → Q2, such that the following
Hamiltonian matching conditions hold:
RHM-1: The cotangent lift map of ϕ, that is, ϕ∗ = T ∗ϕ : T ∗Q2 → T
∗Q1 is symplectic, and
W1 = ϕ
∗(W2).
RHM-2: Im[(dH1)
♯ + vlift(F1) − ((ϕ∗)
∗dH2)
♯ − vlift(ϕ∗F2ϕ∗)] ⊂ vlift(W1), where the map
ϕ∗ = (ϕ
−1)∗ : T ∗Q1 → T
∗Q2, and (ϕ
∗)∗ = (ϕ∗)
∗ = T ∗ϕ∗ : T
∗T ∗Q2 → T
∗T ∗Q1, and Im means
the pointwise image of the map in brackets.
It is worthy of note that our RCH system is defined by using the symplectic structure on
the cotangent bundle of a configuration manifold, we must keep with the symplectic structure
when we define the RCH-equivalence, that is, the induced equivalent map ϕ∗ is symplectic on the
cotangent bundle. In the same way, for the RCH systems on the symplectic fiber bundles, we can
also define the RCH-equivalence by replacing T ∗Qi and ϕ : Q1 → Q2 by Ei and ϕ
∗ : E2 → E1,
respectively. Moreover, the following Theorem 2.4 explains the significance of the above RCH-
equivalence relation, its proof is given in Marsden et al [18].
Theorem 2.4 Suppose that two RCH systems (T ∗Qi, ωi,Hi, Fi,Wi), i = 1, 2, are RCH-equivalent,
then there exist two control laws ui : T
∗Qi →Wi, i = 1, 2, such that the two closed-loop systems
produce the same equations of motion, that is, X(T ∗Q1,ω1,H1,F1,u1) ·ϕ
∗ = T (ϕ∗)X(T ∗Q2,ω2,H2,F2,u2),
where the map T (ϕ∗) : TT ∗Q2 → TT
∗Q1 is the tangent map of ϕ
∗. Moreover, the explicit rela-
tion between the two control laws ui, i = 1, 2 is given by
vlift(u1)− vlift(ϕ
∗u2ϕ∗) = −(dH1)
♯ − vlift(F1) + ((ϕ∗)
∗dH2)
♯ + vlift(ϕ∗F2ϕ∗) (2.2)
2.2 Hamilton-Jacobi Theorem of RCH System
In this subsection, we shall prove the Hamilton-Jacobi theorem of RCH system, and state that
the solution of Hamilton-Jacobi equation for RCH system leaves invariant under the conditions
of RCH-equivalence. In order to do this, in the following we first give an important notion and
prove a key lemma, which is an important tool for the proof of Hamilton-Jacobi theorem of RCH
system.
Let Q be a smooth manifold and TQ the tangent bundle, T ∗Q the cotangent bundle with
a canonical symplectic form ω, and the projection πQ : T
∗Q → Q induces the maps π∗Q :
T ∗Q → T ∗T ∗Q, and TπQ : TT
∗Q → TQ. Denote by π∗Qω the induced symplectic form on
T ∗T ∗Q from the canonical symplectic form ω on T ∗Q. Assume that γ : Q → T ∗Q is an one-
form on Q and γ∗ : T ∗T ∗Q → T ∗Q. If γ∗ is symplectic, then for any v,w ∈ TT ∗Q, we have
γ∗π∗Qω(v,w) = γ
∗ω(TπQ(v), TπQ(w)). If γ is closed, then dγ(x, y) = 0, ∀ x, y ∈ TQ. In the
following we give a bit weak notion.
Definition 2.5 One-form γ is called to be closed with respect to TπQ : TT
∗Q→ TQ, if for any
v,w ∈ TT ∗Q, we have dγ(TπQ(v), TπQ(w)) = 0.
From this definition we know that, if γ is a closed one-form, then it must be closed with
respect to TπQ : TT
∗Q→ TQ. But conversely, if γ is closed with respect to TπQ : TT
∗Q→ TQ,
it may not be closed. We can prove a general result as follows.
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Proposition 2.6 Assume that γ : Q→ T ∗Q is an one-form on Q and it is not closed. we define
the subset N ⊂ TQ, satisfying that for any x, y ∈ N, dγ(x, y) 6= 0. Denote by Ker(TπQ) =
{u ∈ TT ∗Q| TπQ(u) = 0}, and Tγ : TQ→ TT
∗Q. If Tγ(N) ⊂ Ker(TπQ), then γ is closed with
respect to TπQ : TT
∗Q→ TQ.
Proof: In fact, for any v,w ∈ TT ∗Q, if TπQ(v) /∈ N, or TπQ(w)) /∈ N, then by the def-
inition of N , we know that dγ(TπQ(v), TπQ(w)) = 0; If TπQ(v) ∈ N, and TπQ(w)) ∈ N,
from the condition Tγ(N) ⊂ Ker(TπQ), we know that TπQ · Tγ · TπQ(v) = TπQ(v) = 0,
and TπQ · Tγ · TπQ(w) = TπQ(w) = 0, and hence dγ(TπQ(v), TπQ(w)) = 0. Thus, for any
v,w ∈ TT ∗Q, we have always that dγ(TπQ(v), TπQ(w)) = 0, that is, γ is closed with respect to
TπQ : TT
∗Q→ TQ. 
Now, we prove the following Lemma 2.7. It is worthy of note that this lemma is obtained
by a careful modification for the corresponding result of Abraham and Marsden in [1], also see
Wang [25].
Lemma 2.7 Assume that γ : Q → T ∗Q is an one-form on Q, and γ∗ : T ∗T ∗Q → T ∗Q is
symplectic, and γ is closed with respect to TπQ : TT
∗Q→ TQ. Then we have that
(i) for any v,w ∈ TT ∗Q, γ∗π∗Qω(v,w) = −dγ(TπQ(v), TπQ(w));
(ii) for any v,w ∈ TT ∗Q, π∗Qω(T (γ · πQ) · v,w) = π
∗
Qω(v,w − T (γ · πQ) · w);
(iii) Tγ : TQ → TT ∗Q is injective map with respect to TπQ : TT
∗Q → TQ, that is, for any
v,w ∈ TT ∗Q, Tγ(TπQ(v)) 6= Tγ(TπQ(w)), when TπQ(v) 6= TπQ(w).
Proof: We first prove the conclusion (i). Since ω is the canonical symplectic form on T ∗Q, we
know that there is an unique canonical one-form θ, such that ω = −dθ. From the Proposition
3.2.11 in Abraham and Marsden [1], we have that for one-form γ : Q→ T ∗Q, γ∗θ = γ. By using
the assumption that γ∗ : T ∗T ∗Q→ T ∗Q is symplectic, we can obtain that
γ∗π∗Qω(v,w) = γ
∗ω(TπQ(v), TπQ(w)) = γ
∗(−dθ)(TπQ(v), TπQ(w))
= −d(γ∗θ)(TπQ(v), TπQ(w)) = −dγ(TπQ(v), TπQ(w)).
It follows that the conclusion (i) holds.
Next, we prove the conclusion (ii). For any v,w ∈ TT ∗Q, note that v−T (γ ·πQ) ·v is vertical,
because
TπQ(v − T (γ · πQ) · v) = TπQ(v)− T (πQ · γ · πQ) · v = TπQ(v) − TπQ(v) = 0,
where we used the relation πQ · γ · πQ = πQ. Thus,
π∗Qω(v−T (γ · πQ) · v,w−T (γ ·πQ) ·w) = ω(TπQ(v−T (γ · πQ) · v), TπQ(w−T (γ · πQ) ·w)) = 0,
and hence,
π∗Qω(T (γ · πQ) · v, w) = π
∗
Qω(v, w − T (γ · πQ) · w) + π
∗
Qω(T (γ · πQ) · v, T (γ · πQ) · w).
However, the second term on the right-hand side vanishes, that is,
π∗Qω(T (γ · πQ) · v, T (γ · πQ) · w) = γ
∗π∗Qω(TπQ(v), TπQ(w)) = −dγ(TπQ(v), TπQ(w)) = 0,
where we used the conclusion (i) and the assumption that γ is closed with respect to TπQ :
TT ∗Q→ TQ. It follows that the conclusion (ii) holds.
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Finally, we prove the conclusion (iii). In fact, we can prove that if γ is closed one-form on
Q, then Tγ : TQ → TT ∗Q is injective. We take a local coordinates qi, i = 1, · · · , n = dimQ,
on Q, and assume that γ =
∑n
i=1 γi(q)dq
i. Then dγ = 12
∑
i<j(
∂γj
∂qi
− ∂γi
∂qj
)dqi ∧ dqj . Since
γ is closed one-form on Q, we have that
∂γj
∂qi
= ∂γi
∂qj
, i 6= j, i, j = 1, · · · , n. Notice that
γ : Q → T ∗Q, γ(qi) = (qi, γi(q)), and Tγ(
∂
∂qi
) = ( ∂
∂qi
,
∑
j
∂γj
∂qi
∂
∂qj
), and Tγ( ∂
∂qi
) − Tγ( ∂
∂qj
) =
( ∂
∂qi
− ∂
∂qj
, ∂γi
∂qi
∂
∂qi
−
∂γj
∂qj
∂
∂qj
), hence, Tγ( ∂
∂qi
) 6= Tγ( ∂
∂qj
), i 6= j. Thus, Tγ : TQ → TT ∗Q
is injective. In the same way, if γ is closed with respect to TπQ : TT
∗Q → TQ, then
for any v,w ∈ TT ∗Q, Tγ(TπQ(v)) 6= Tγ(TπQ(w)), when TπQ(v) 6= TπQ(w), and hence
Tγ : TQ→ TT ∗Q is injective with respect to TπQ : TT
∗Q→ TQ. 
Now, for any given RCH system (T ∗Q,ω,H,F,W ), by using the above Lemma 2.7, we
can prove the following Hamilton-Jacobi theorem for RCH system. For convenience, the maps
involved in the following theorem and its proof are shown in Diagram-1.
T ∗Q
γ
←−−−− Q
X˜γ
−−−−→ TQ
π∗Q
y πQ
x Tγ
y
T ∗T ∗Q
γ∗
−−−−→ T ∗Q
X˜
−−−−→ TT ∗Q
Diagram-1
Theorem 2.8 (Hamilton-Jacobi Theorem of RCH System) For a RCH system (T ∗Q,ω,H,F,W ),
assume that γ : Q→ T ∗Q is a one-form on Q, and γ∗ : T ∗T ∗Q→ T ∗Q is symplectic, and γ is
closed with respect to TπQ : TT
∗Q → TQ, and X˜γ = TπQ · X˜ · γ, where X˜ = X(T ∗Q,ω,H,F,u) is
the dynamical vector field of the RCH system (T ∗Q,ω,H,F,W ) with a control law u. Then the
following two assertions are equivalent:
(i) X˜γ and X˜ are γ-related, that is, Tγ · X˜γ = X˜ · γ;
(ii) XH·γ + vlift(F · γ) + vlift(u · γ) = 0, or X˜
γ .
Where the equation that XH·γ+vlift(F ·γ)+vlift(u ·γ) = 0, is called a Hamilton-Jacobi equation
for the RCH system (T ∗Q,ω,H,F,W ) with a control law u, and γ is called a solution of the
Hamilton-Jacobi equation.
Proof: We first prove that (i) implies (ii). We take that v = X˜ ·γ ∈ TT ∗Q, for any w ∈ TT ∗Q,
from Lemma 2.7(ii) we have that
π∗Qω(Tγ · X˜
γ , w) = π∗Qω(T (γ · πQ) · X˜ · γ, w) = π
∗
Qω(X˜ · γ, w − T (γ · πQ) · w)
= π∗Qω(X˜ · γ, w)− π
∗
Qω(X˜ · γ, T (γ · πQ) · w).
By assuming (i), Tγ · X˜γ = X˜ ·γ, we can obtain that π∗Qω(X˜ ·γ, T (γ ·πQ) ·w) = 0. On the other
hand, note that γ∗ : T ∗T ∗Q → T ∗Q is symplectic, XH · γ = Tγ · XH·γ and vlift(F )XH · γ =
Tγ ·vlift(F ·γ)XH·γ , and hence X˜ ·γ = XH ·γ+vlift(F ) ·γ+vlift(u) ·γ = Tγ ·XH·γ+Tγ ·vlift(F ·
γ)+Tγ ·vlift(u ·γ), where XH·γ ∈ TQ is the Hamiltonian vector field of function H ·γ : Q→ R.
Then we have that
0 = π∗Qω(X˜ · γ, T (γ · πQ) · w)
= π∗Qω(Tγ · (XH·γ + vlift(F · γ) + vlift(u · γ)), Tγ · (TπQ · w))
= γ∗π∗Qω(XH·γ + vlift(F · γ) + vlift(u · γ), TπQ · w)
= −dγ(XH·γ + vlift(F · γ) + vlift(u · γ), TπQ · w).
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It follows that either XH·γ + vlift(F · γ) + vlift(u · γ) = 0, or there is someone v˜ ∈ TT
∗Q, such
that XH·γ + vlift(F · γ) + vlift(u · γ) = TπQ · v˜. But from assuming (i), Tγ · X˜
γ = X˜ · γ =
Tγ · (XH·γ + vlift(F · γ) + vlift(u · γ)), and Lemma 2.7(iii), Tγ : TQ→ TT
∗Q is injective with
respect to TπQ : TT
∗Q → TQ, hence, XH·γ + vlift(F · γ) + vlift(u · γ) = X˜
γ . Thus, (i) implies
(ii).
Conversely, from the above arguments we have that for any w ∈ TT ∗Q,
π∗Qω(Tγ · X˜
γ , w)− π∗Qω(X˜ · γ, w) = dγ(XH·γ + vlift(F · γ) + vlift(u · γ), TπQ · w).
Thus, since π∗Qω is nondegenerate, the proof that (ii) implies (i) follows from these arguments
in the same way. 
In particular, if both the external force and control of the RCH system (T ∗Q,ω,H,F, u) are
zero, in this case the RCH system is just a Hamiltonian system (T ∗Q,ω,H), and from the above
Theorem 2.8 we can obtain the geometric version of Hamilton-Jacobi theorem of Hamiltonian
system, which is given in Wang [25]. Thus, Theorem 2.8 can be regarded as an extension of
Hamilton-Jacobi theorem for Hamiltonian system to the system with external force and control.
Moreover, if considering the RCH-equivalence of RCH systems, we can obtain the following
Theorem 2.9, which states that the solution of Hamilton-Jacobi equation for RCH system leaves
invariant under the conditions of RCH-equivalence.
Theorem 2.9 Suppose that two RCH systems (T ∗Qi, ωi,Hi, Fi,Wi), i = 1, 2, are RCH-equivalent
with an equivalent map ϕ : Q1 → Q2.
(i) If γ2 : Q2 → T
∗Q2 is a solution of the Hamilton-Jacobi equation for RCH system (T
∗Q2, ω2,H2,
F2,W2), and γ
∗
2 : T
∗T ∗Q2 → T
∗Q2 is symplectic, and γ2 is closed with respect to TπQ2 :
TT ∗Q2 → TQ2. Then γ1 = ϕ
∗ ·γ2 ·ϕ : Q1 → T
∗Q1 is a solution of the Hamilton-Jacobi equation
for RCH system (T ∗Q1, ω1,H1, F1,W1);
(ii) If γ1 : Q1 → T
∗Q1 is a solution of the Hamilton-Jacobi equation for RCH system (T
∗Q1, ω1,H1,
F1,W1), and γ
∗
1 : T
∗T ∗Q1 → T
∗Q1 is symplectic, and γ1 is closed with respect to TπQ1 :
TT ∗Q1 → TQ1. Then γ2 = (ϕ
−1)∗ · γ1 · ϕ
−1 : Q2 → T
∗Q2 is a solution of the Hamilton-Jacobi
equation for RCH system (T ∗Q2, ω2,H2, F2,W2).
Proof: We first prove the conclusion (i). If two RCH systems (T ∗Qi, ωi,Hi, Fi,Wi), i = 1, 2,
are RCH-equivalent with an equivalent map ϕ : Q1 → Q2, from Theorem 2.4 we know that
there exist two control laws ui : T
∗Qi → Wi, i = 1, 2, such that X(T ∗Q1,ω1,H1,F1,u1) · ϕ
∗ =
T (ϕ∗)X(T ∗Q2,ω2,H2,F2,u2), that is, X˜1 ·ϕ
∗ = T (ϕ∗)X˜2. From the following commutative Diagram-
2:
Q1
γ1
−−−−→ T ∗Q1
X˜1−−−−→ TT ∗Q1
TπQ1−−−−→ TQ1
ϕ
y ϕ∗
x Tϕ∗
x Tϕ
y
Q2
γ2
−−−−→ T ∗Q2
X˜2−−−−→ TT ∗Q2
TπQ2−−−−→ TQ2
Diagram-2
we have that γ1 = ϕ
∗ ·γ2 ·ϕ, and Tϕ ·TπQ1 ·Tϕ
∗ = TπQ2 . Note that X˜
γi
i = TπQi ·X˜i ·γi, i = 1, 2,
and ϕ : Q1 → Q2 is a diffeomorphism, and ϕ
∗, Tϕ and Tϕ∗ are isomorphisms, then we have
that
Tϕ · X˜γ11 = Tϕ · TπQ1 · X˜1 · γ1 = Tϕ · TπQ1 · Tϕ
∗ · (Tϕ∗)−1 · X˜1 · ϕ
∗ · γ2 · ϕ
= TπQ2 · (Tϕ
∗)−1 · Tϕ∗ · X˜2 · γ2 · ϕ = TπQ2 · X˜2 · γ2 · ϕ = X˜
γ2
2 · ϕ.
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Thus, X˜γ22 = 0, ⇔ X˜
γ1
1 = 0. Note that γ
∗
2 : T
∗T ∗Q2 → T
∗Q2 is symplectic, and ϕ
∗ : T ∗Q2 →
T ∗Q1 and (ϕ
∗)∗ : T ∗T ∗Q1 → T
∗T ∗Q2 are also symplectic, and hence γ
∗
1 = ϕ
∗ · γ∗2 · (ϕ
∗)∗ :
T ∗T ∗Q1 → T
∗Q1 is symplectic. Moreover, since γ2 is closed with respect to TπQ2 : TT
∗Q2 →
TQ2, note that dγ1 = ϕ
∗ · dγ2 · ϕ, and Tϕ · TπQ1 · Tϕ
∗ = TπQ2 , then γ1 is closed with
respect to TπQ1 : TT
∗Q1 → TQ1. In consequence, from Lemma 2.7(iii), we know that maps
Tγi : TQi → TT
∗Qi are injective with respect to TπQi : TT
∗Qi → TQi for i = 1, 2. Moreover,
from the proof of Theorem 2.8, we know that
Tγi(XHi·γi + vlift(Fi · γi) + vlift(ui · γi)) = Tγi · X˜
γi
i , i = 1, 2.
Thus,
XH2·γ2 + vlift(F2 · γ2) + vlift(u2 · γ2) = 0, ⇔ X˜
γ2
2 = 0,
⇔ X˜γ11 = 0, ⇔ XH1·γ1 + vlift(F1 · γ1) + vlift(u1 · γ1) = 0.
It follows that the conclusion (i) of Theorem 2.9 holds. Conversely, by using the same way, we
can also prove the conclusion (ii) of Theorem 2.9. 
In the following we shall generalize the above results to regular point and regular orbit
reducible RCH systems with symmetry, and give a variety of Hamilton-Jacobi theorems for
regular reduced RCH systems.
3 Hamilton-Jacobi Theorem of Regular Point Reduced RCH
System
In this section, we first review some relevant definitions and basic facts about regular point
reducible RCH systems and RpCH-equivalence, then we prove the Hamilton-Jacobi theorem of
regular point reduced RCH system, by using reduced symplectic form and Lemma 2.7, and state
the relationship between the solutions of Hamilton-Jacobi equations and regular point reduc-
tion, as well as that the solution of Hamilton-Jacobi equation for RCH system with symmetry
leaves invariant under the conditions of RpCH-equivalence. We shall follow the notations and
conventions introduced in Marsden et al [18], Wang [25].
3.1 Regular Point Reducible RCH System
Let Q be a smooth manifold and T ∗Q its cotangent bundle with the symplectic form ω. Let
Φ : G × Q → Q be a smooth left action of the Lie group G on Q, which is free and proper.
Then the cotangent lifted left action ΦT
∗
: G× T ∗Q→ T ∗Q is symplectic, free and proper, and
admits a Ad∗-equivariant momentum map J : T ∗Q→ g∗, where g is a Lie algebra of G and g∗
is the dual of g. Let µ ∈ g∗ be a regular value of J and denote by Gµ the isotropy subgroup of
the coadjoint G-action at the point µ ∈ g∗, which is defined by Gµ = {g ∈ G|Ad
∗
g µ = µ}. Since
Gµ(⊂ G) acts freely and properly on Q and on T
∗Q, then Qµ = Q/Gµ is a smooth manifold
and that the canonical projection ρµ : Q → Qµ is a surjective submersion. It follows that Gµ
acts also freely and properly on J−1(µ), so that the space (T ∗Q)µ = J
−1(µ)/Gµ is a symplectic
manifold with symplectic form ωµ uniquely characterized by the relation
π∗µωµ = i
∗
µω. (3.1)
The map iµ : J
−1(µ) → T ∗Q is the inclusion and πµ : J
−1(µ) → (T ∗Q)µ is the projection.
The pair ((T ∗Q)µ, ωµ) is called Marsden-Weinstein reduced space of (T
∗Q,ω) at µ. Let H :
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T ∗Q→ R be a G-invariant Hamiltonian, the flow Ft of the Hamiltonian vector field XH leaves
the connected components of J−1(µ) invariant and commutes with the G-action, so it induces a
flow fµt on (T
∗Q)µ, defined by f
µ
t · πµ = πµ · Ft · iµ, and the vector field Xhµ generated by the
flow fµt on ((T
∗Q)µ, ωµ) is Hamiltonian with the associated regular point reduced Hamiltonian
function hµ : (T
∗Q)µ → R defined by hµ ·πµ = H · iµ, and the Hamiltonian vector fields XH and
Xhµ are πµ-related. On the other hand, from Marsden et al [18], we know that the regular point
reduced space ((T ∗Q)µ, ωµ) is symplectic diffeomorphic to a symplectic fiber bundle. Thus, we
can introduce a regular point reducible RCH systems as follows.
Definition 3.1 (Regular Point Reducible RCH System) A 6-tuple (T ∗Q,G,ω,H,F,W ), where
the Hamiltonian H : T ∗Q → R, the fiber-preserving map F : T ∗Q → T ∗Q and the fiber sub-
manifold W of T ∗Q are all G-invariant, is called a regular point reducible RCH system, if there
exists a point µ ∈ g∗, which is a regular value of the momentum map J, such that the regular
point reduced system, that is, the 5-tuple ((T ∗Q)µ, ωµ, hµ, fµ,Wµ), where (T
∗Q)µ = J
−1(µ)/Gµ,
π∗µωµ = i
∗
µω, hµ · πµ = H · iµ, fµ · πµ = πµ ·F · iµ, W ⊂ J
−1(µ), Wµ = πµ(W ), is a RCH system,
which is simply written as RP -reduced RCH system. Where ((T
∗Q)µ, ωµ) is the RP -reduced
space, which is also called Marsden-Weinstein reduced space, the function hµ : (T
∗Q)µ → R is
called the reduced Hamiltonian, the fiber-preserving map fµ : (T
∗Q)µ → (T
∗Q)µ is called the
reduced (external) force map, Wµ is a fiber submanifold of (T
∗Q)µ and is called the reduced
control subset.
Denote byX(T ∗Q,G,ω,H,F,u) the vector field of regular point reducible RCH system (T
∗Q,G,ω,
H,F,W ) with a control law u, then
X(T ∗Q,G,ω,H,F,u) = (dH)
♯ + vlift(F ) + vlift(u). (3.2)
Moreover, for the regular point reducible RCH system we can also introduce the regular point
reduced controlled Hamiltonian equivalence (RpCH-equivalence) as follows.
Definition 3.2 (RpCH-equivalence) Suppose that we have two regular point reducible RCH sys-
tems (T ∗Qi, Gi, ωi,Hi, Fi,Wi), i = 1, 2, we say them to be RpCH-equivalent, or simply,
(T ∗Q1, G1, ω1,H1, F1,W1)
RpCH
∼ (T ∗Q2, G2, ω2,H2, F2,W2), if there exists a diffeomorphism
ϕ : Q1 → Q2 such that the following Hamiltonian matching conditions hold:
RpHM-1: The cotangent lift map ϕ∗ : T ∗Q2 → T
∗Q1 is symplectic.
RpHM-2: For µi ∈ g
∗
i , the regular reducible points of RCH systems (T
∗Qi, Gi, ωi,Hi, Fi,Wi),
i = 1, 2, the map ϕ∗µ = i
−1
µ1 · ϕ
∗ · iµ2 : J
−1
2 (µ2) → J
−1
1 (µ1) is (G2µ2 , G1µ1)-equivariant and
W1 = ϕ
∗
µ(W2), where µ = (µ1, µ2), and denote by i
−1
µ1 (S) the preimage of a subset S ⊂ T
∗Q1 for
the map iµ1 : J
−1
1 (µ1)→ T
∗Q1.
RpHM-3: Im[(dH1)
♯ + vlift(F1)− ((ϕ∗)
∗dH2)
♯ − vlift(ϕ∗F2ϕ∗))] ⊂ vlift(W1).
It is worthy of note that for the regular point reducible RCH system, the induced equivalent
map ϕ∗ not only keeps the symplectic structure, but also keeps the equivariance of G-action at
the regular point. If a feedback control law uµ : (T
∗Q)µ → Wµ is chosen, the RP -reduced RCH
system ((T ∗Q)µ, ωµ, hµ, fµ, uµ) is a closed-loop regular dynamic system with a control law uµ.
Assume that its vector field X((T ∗Q)µ,ωµ,hµ,fµ,uµ) can be expressed by
X((T ∗Q)µ,ωµ,hµ,fµ,uµ) = (dhµ)
♯ + vlift(fµ) + vlift(uµ), (3.3)
where (dhµ)
♯ = Xhµ , vlift(fµ) = vlift(fµ)Xhµ , vlift(uµ) = vlift(uµ)Xhµ , and satisfies the condi-
tion
X((T ∗Q)µ,ωµ,hµ,fµ,uµ) · πµ = Tπµ ·X(T ∗Q,G,ω,H,F,u) · iµ. (3.4)
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Then we can obtain the following regular point reduction theorem for RCH system, which
explains the relationship between the RpCH-equivalence for regular point reducible RCH systems
with symmetry and the RCH-equivalence for associated RP -reduced RCH systems, its proof is
given in Marsden et al [18]. This theorem can be regarded as an extension of regular point
reduction theorem of Hamiltonian systems under regular controlled Hamiltonian equivalence
conditions.
Theorem 3.3 Two regular point reducible RCH systems (T ∗Qi, Gi, ωi,Hi, Fi,Wi), i = 1, 2, are
RpCH-equivalent if and only if the associated RP -reduced RCH systems ((T
∗Qi)µi , ωiµi , hiµi , fiµi ,
Wiµi), i = 1, 2, are RCH-equivalent.
3.2 Hamilton-Jacobi Theorem of RP -reduced RCH System
In the following we first prove the Hamilton-Jacobi theorem of regular point reduced RCH sys-
tem by using reduced symplectic form and Lemma 2.7. Then we give a theorem to state the
relationship between solutions of Hamilton-Jacobi equations and regular point reduction. More-
over, we prove that the solution of Hamilton-Jacobi equation for regular point reducible RCH
system with symmetry leaves invariant under the conditions of RpCH-equivalence.
At first, for the regular point reducible RCH system (T ∗Q,G,ω,H,F,W ), we can prove the
following Hamilton-Jacobi theorem for RP -reduced RCH system ((T
∗Q)µ, ωµ, hµ, fµ, uµ). For
convenience, the maps involved in the following theorem and its proof are shown in Diagram-3.
J−1(µ)
iµ
// T ∗Q
πQ

π∗Q
// T ∗T ∗Q
γ∗

T ∗(T ∗Q)µ
π∗µ
oo
γ¯∗
xxqq
q
q
q
q
q
q
q
q
q
Q
X˜γ

γ
// T ∗Q
X˜

πµ
// (T ∗Q)µ
X˜µ

TQ
Tγ
// T (T ∗Q)
Tπµ
// T (T ∗Q)µ
Diagram-3
Theorem 3.4 (Hamilton-Jacobi Theorem of RP -reduced RCH System) For a regular point re-
ducible RCH system (T ∗Q,G,ω,H,F,W ), assume that γ : Q→ T ∗Q is an one-form on Q, and
γ∗ : T ∗T ∗Q → T ∗Q is symplectic, and γ is closed with respect to TπQ : TT
∗Q → TQ, and
X˜γ = TπQ · X˜ · γ, where X˜ = X(T ∗Q,G,ω,H,F,u) is the dynamical vector field of the regular point
reducible RCH system (T ∗Q,G,ω,H,F,W ) with a control law u. Moreover, assume that µ ∈ g∗
is the regular reducible point of the RCH system, and Im(γ) ⊂ J−1(µ), and it is Gµ-invariant,
and γ¯ = πµ(γ) : Q→ (T
∗Q)µ. Then the following two assertions are equivalent:
(i) X˜γ and X˜µ are γ¯-related, that is, T γ¯ · X˜
γ = X˜µ · γ¯, where X˜µ = X((T ∗Q)µ,ωµ,hµ,fµ,uµ) is the
dynamical vector field of RP -reduced RCH system ((T
∗Q)µ, ωµ, hµ, fµ, uµ);
(ii) Xhµ·γ¯ + vlift(fµ · γ¯) + vlift(uµ · γ¯) = 0, or X˜
γ .
Where the equation that Xhµ·γ¯ + vlift(fµ · γ¯) + vlift(uµ · γ¯) = 0, is the Hamilton-Jacobi equation
for RP -reduced RCH system ((T
∗Q)µ, ωµ, hµ, fµ, uµ), and γ¯ is called a solution of the Hamilton-
Jacobi equation.
Proof: We first prove that (i) implies (ii). By using the RP -reduced symplectic form ωµ, note
that Im(γ) ⊂ J−1(µ), and it is Gµ-invariant, in this case π
∗
µωµ = i
∗
µω = π
∗
Qω, along Im(γ). Thus,
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we take that v = X˜ · γ ∈ TT ∗Q, and for any w ∈ TT ∗Q, and Tπµ · w 6= 0, from Lemma 2.7(ii)
we have that
ωµ(T γ¯ · X˜
γ , Tπµ · w) = ωµ(T (πµ · γ) · X˜
γ , Tπµ · w) = π
∗
µωµ(Tγ · X˜
γ , w)
= π∗Qω(T (γ · πQ) · X˜ · γ, w) = π
∗
Qω(X˜ · γ, w − T (γ · πQ) · w)
= π∗Qω(X˜ · γ, w)− π
∗
Qω(X˜ · γ, T (γ · πQ) · w)
= π∗µωµ(X˜ · γ, w)− π
∗
µωµ(X˜ · γ, T (γ · πQ) · w)
= ωµ(Tπµ(X˜ · γ), Tπµ · w)− ωµ(Tπµ(X˜ · γ), T (πµ · γ) · TπQ · w)
= ωµ(Tπµ(X˜) · πµ(γ), Tπµ · w)− ωµ(Tπµ(X˜) · πµ(γ), T γ¯ · TπQ · w)
= ωµ(X˜µ · γ¯, Tπµ · w)− ωµ(X˜µ · γ¯, T γ¯ · TπQ · w),
where we used that Tπµ(X˜) = Tπµ ·X(T ∗Q,G,ω,H,F,u) = X((T ∗Q)µ,ωµ,hµ,fµ,uµ) = X˜µ. By assuming
(i), T γ¯ · X˜γ = X˜µ · γ¯, we can obtain that ωµ(X˜µ · γ¯, T γ¯ · TπQ ·w) = 0. On the other hand, note
that γ∗ : T ∗T ∗Q → T ∗Q is symplectic, and γ¯∗ = γ∗ · π∗µ : T
∗(T ∗Q)µ → T
∗Q is also symplectic
along Im(γ), and hence Xhµ · γ¯ = T γ¯ ·Xhµ·γ¯ , and X˜µ · γ¯ = Xhµ · γ¯ +vlift(fµ) · γ¯ +vlift(uµ) · γ¯ =
T γ¯ ·Xhµ·γ¯ + T γ¯ · vlift(fµ · γ¯) + T γ¯ · vlift(uµ · γ¯), where Xhµ·γ¯ ∈ TQ is the Hamiltonian vector
field of function hµ · γ¯ : Q→ R. Then we have that
0 = ωµ(X˜µ · γ¯, T γ¯ · TπQ · w)
= ωµ(T γ¯ · (Xhµ·γ¯ + vlift(fµ · γ¯) + vlift(uµ · γ¯)), T γ¯ · TπQ · w)
= γ¯∗ωµ(Xhµ·γ¯ + vlift(fµ · γ¯) + vlift(uµ · γ¯), TπQ · w)
= γ∗ · π∗µωµ(Xhµ·γ¯ + vlift(fµ · γ¯) + vlift(uµ · γ¯), TπQ · w)
= γ∗ · π∗Qω(Xhµ·γ¯ + vlift(fµ · γ¯) + vlift(uµ · γ¯), TπQ · w)
= −dγ(Xhµ·γ¯ + vlift(fµ · γ¯) + vlift(uµ · γ¯), TπQ · w).
It follows that either Xhµ·γ¯ +vlift(fµ · γ¯)+ vlift(uµ · γ¯) = 0, or there is someone v˜ ∈ TT
∗Q, such
that Xhµ·γ¯ + vlift(fµ · γ¯) + vlift(uµ · γ¯) = TπQ · v˜. But from assuming (i), we have that
T γ¯ · X˜γ = X˜µ · γ¯ = T γ¯ · (Xhµ·γ¯ + vlift(fµ · γ¯) + vlift(uµ · γ¯)),
and from Lemma 2.7(iii), Tγ : TQ → TT ∗Q is injective with respect to TπQ : TT
∗Q → TQ,
and hence, T γ¯ = Tπµ ·Tγ is injective with respect to TπQ : TT
∗Q→ TQ, and Xhµ·γ¯ +vlift(fµ ·
γ¯) + vlift(uµ · γ¯) = X˜
γ . Thus, (i) implies (ii).
Conversely, from the above arguments we have that for any w ∈ TT ∗Q, and Tπµ · w 6= 0,
then
ωµ(T γ¯ · X˜
γ , Tπµ · w)− ωµ(X˜µ · γ¯, Tπµ · w)
= dγ(Xhµ·γ¯ + vlift(fµ · γ¯) + vlift(uµ · γ¯), TπQ · w).
Thus, since ωµ is nondegenerate, the proof that (ii) implies (i) follows in the same way. 
In particular, if both the external force and control of the regular point reducible RCH
system (T ∗Q,G,ω,H,F, u) are zero, in this case the RCH system is just a regular point reducible
Hamiltonian system (T ∗Q,G,ω,H). By using the same way of the proof of the above Theorem
3.4, we can also get the Hamilton-Jacobi theorem of Marsden-Weinstein reduced Hamiltonian
system, which is given in Wang [25]. Thus, Theorem 3.4 can be regarded as an extension
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of Hamilton-Jacobi theorem for regular point reduced Hamiltonian system. Moreover, for a
regular point reducible RCH system (T ∗Q,G,ω,H,F,W ) with a control law u, we know that
the dynamical vector fields X(T ∗Q,G,ω,H,F,u) and X((T ∗Q)µ,ωµ,hµ,fµ,uµ) are πµ-related, that is,
X((T ∗Q)µ,ωµ,hµ,fµ,uµ) · πµ = Tπµ ·X(T ∗Q,G,ω,H,F,u) · iµ. Then we can prove the following Theorem
3.5, which states the relationship between the solutions of Hamilton-Jacobi equations and regular
point reduction.
Theorem 3.5 For a regular point reducible RCH system (T ∗Q,G,ω,H,F,W ) with a control
law u, assume that γ : Q → T ∗Q is an one-form on Q, and γ∗ : T ∗T ∗Q → T ∗Q is symplectic,
and γ is closed with respect to TπQ : TT
∗Q→ TQ. Moreover, assume that µ ∈ g∗ is the regular
reducible point of the RCH system, and Im(γ) ⊂ J−1(µ), and it is Gµ-invariant, and γ¯ = πµ(γ) :
Q → (T ∗Q)µ. Then γ is a solution of Hamilton-Jacobi equation for the regular point reducible
RCH system (T ∗Q,G,ω,H,F, u) with a control law u, if and only if γ¯ = πµ(γ) : Q → (T
∗Q)µ
is a solution of Hamilton-Jacobi equation for RP -reduced RCH system ((T
∗Q)µ, ωµ, hµ, fµ, uµ).
Proof: In fact, from the proof of Theorem 2.8, we know that
Tγ · (XH·γ + vlift(F · γ) + vlift(u · γ)) = X˜ · γ = Tγ · X˜
γ ,
and from the proof of Theorem 3.4, we have that
T γ¯ · X˜γ = X˜µ · γ¯ = T γ¯ · (Xhµ·γ¯ + vlift(fµ · γ¯) + vlift(uµ · γ¯)).
Note that both maps Tγ : TQ→ TT ∗Q and T γ¯ = Tπµ ·Tγ : TQ→ T (T
∗Q)µ are injective with
respect to TπQ : TT
∗Q→ TQ. Thus,
XH·γ + vlift(F · γ) + vlift(u · γ) = 0, ⇔ X˜
γ = 0, ⇔ Xhµ·γ¯ + vlift(fµ · γ¯) + vlift(uµ · γ¯) = 0.
It follows that the conclusion of Theorem 3.5 holds. 
Moreover, if considering the RpCH-equivalence of regular point reducible RCH systems, we
can obtain the following Theorem 3.6, which states that the solution of Hamilton-Jacobi equation
for regular point reducible RCH system with symmetry leaves invariant under the conditions of
RpCH-equivalence.
Theorem 3.6 Suppose that two regular point reducible RCH systems (T ∗Qi, Gi, ωi,Hi, Fi,Wi),
i = 1, 2, are RpCH-equivalent with an equivalent map ϕ : Q1 → Q2.
(i) If γ2 : Q2 → T
∗Q2 is a solution of the Hamilton-Jacobi equation for RCH system (T
∗Q2, G2, ω2,
H2, F2,W2), and γ
∗
2 : T
∗T ∗Q2 → T
∗Q2 is symplectic, and γ2 is closed with respect to TπQ2 :
TT ∗Q2 → TQ2, γ1 = ϕ
∗ · γ2 · ϕ : Q1 → T
∗Q1. Moreover, assume that µi ∈ g
∗
i , i = 1, 2, are the
regular reducible points of the two RCH systems, and Im(γi) ⊂ J
−1
i (µi), and it is Gµi-invariant,
i = 1, 2. Then γ1 = ϕ
∗ · γ2 · ϕ is a solution of the Hamilton-Jacobi equation for RCH system
(T ∗Q1, G1, ω1,H1, F1,W1);
(ii) If γ1 : Q1 → T
∗Q1 is a solution of the Hamilton-Jacobi equation for RCH system (T
∗Q1, G1, ω1,
H1, F1,W1), and γ
∗
1 : T
∗T ∗Q1 → T
∗Q1 is symplectic, and γ1 is closed with respect to TπQ1 :
TT ∗Q1 → TQ1, γ2 = (ϕ
−1)∗ · γ1 · ϕ
−1 : Q2 → T
∗Q2. Moreover, assume that µi ∈ g
∗
i , i = 1, 2,
are the regular reducible points of the two RCH systems, and Im(γi) ⊂ J
−1
i (µi), and it is Gµi-
invariant, i = 1, 2. Then γ2 = (ϕ
−1)∗ · γ1 ·ϕ
−1 is a solution of the Hamilton-Jacobi equation for
RCH system (T ∗Q2, G2, ω2,H2, F2,W2).
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Proof: We first prove the conclusion (i). If (T ∗Q1, G1, ω1,H1, F1,W1)
RpCH
∼ (T ∗Q2, G2, ω2,H2,
F2,W2), then from Definition 3.2 there exists a diffeomorphism ϕ : Q1 → Q2, such that ϕ
∗ :
T ∗Q2 → T
∗Q1 is symplectic, and for µi ∈ g
∗
i , i = 1, 2, ϕ
∗
µ = i
−1
µ1 ·ϕ
∗ · iµ2 : J
−1
2 (µ2)→ J
−1
1 (µ1) is
(G2µ2 , G1µ1)-equivariant. From the following commutative Diagram-4:
Q2
γ2
−−−−→ T ∗Q2
iµ2←−−−− J−12 (µ2)
πµ2−−−−→ (T ∗Q2)µ2
ϕ
x ϕ∗
y ϕ∗µ
y ϕ∗µ/G
y
Q1
γ1
−−−−→ T ∗Q1
iµ1←−−−− J−11 (µ1)
πµ1−−−−→ (T ∗Q1)µ1
Diagram-4
we have a well-defined symplectic map ϕ∗µ/G : (T
∗Q2)µ2 → (T
∗Q1)µ1 , such that ϕ
∗
µ/G · πµ2 =
πµ1 · ϕ
∗
µ, see Marsden et al [18]. Then from Theorem 3.3 we know that the associated RP -
reduced RCH systems ((T ∗Qi)µi , ωiµi , hiµi , fiµi ,Wiµi), i = 1, 2, are RCH-equivalent with an
equivalent map ϕ∗µ/G : (T
∗Q2)µ2 → (T
∗Q1)µ1 . If γ2 : Q2 → T
∗Q2 is a solution of the Hamilton-
Jacobi equation for RCH system (T ∗Q2, G2, ω2,H2, F2,W2), from Theorem 3.5 we know that
γ¯2 = πµ2(γ2) : Q2 → (T
∗Q2)µ2 is a solution of Hamilton-Jacobi equation for RP -reduced RCH
system ((T ∗Q2)µ2 , ω2µ2 , h2µ2 , f2µ2 , u2µ2). Note that γ1 = ϕ
∗ · γ2 · ϕ : Q1 → T
∗Q1, then γ¯1 =
πµ1(γ1) = πµ1 · ϕ
∗ · γ2 · ϕ = ϕ
∗
µ/G · πµ2 · γ2 · ϕ = ϕ
∗
µ/G · γ¯2 · ϕ. From Theorem 2.9(i) we know
that γ¯1 = ϕ
∗
µ/G · γ¯2 · ϕ is a solution of Hamilton-Jacobi equation for RCH-equivalent system
((T ∗Q1)µ1 , ω1µ1 , h1µ1 , f1µ1 , u1µ1), and hence from Theorem 3.5 we know that γ1 = ϕ
∗ · γ2 ·ϕ is a
solution of the Hamilton-Jacobi equation for RCH system (T ∗Q1, G1, ω1,H1, F1,W1). It follows
that the conclusion (i) of Theorem 3.6 holds.
Conversely, note that ϕ : Q1 → Q2 is a diffeomorphism, by using the same way, we can also
prove the conclusion (ii) of Theorem 3.6. 
Remark 3.7 If (T ∗Q,ω) is a connected symplectic manifold, and J : T ∗Q → g∗ is a non-
equivariant momentum map with a non-equivariance group one-cocycle σ : G → g∗, which is
defined by σ(g) := J(g · z) − Ad∗g−1 J(z), where g ∈ G and z ∈ T
∗Q. Then we know that σ
produces a new affine action Θ : G × g∗ → g∗ defined by Θ(g, µ) := Ad∗g−1 µ + σ(g), where
µ ∈ g∗, with respect to which the given momentum map J is equivariant. Assume that G acts
freely and properly on T ∗Q, and G˜µ denotes the isotropy subgroup of µ ∈ g
∗ relative to this affine
action Θ and µ is a regular value of J. Then the quotient space (T ∗Q)µ = J
−1(µ)/G˜µ is also
a symplectic manifold with symplectic form ωµ uniquely characterized by (3.1), see Ortega and
Ratiu [21] and Marsden et al [15]. In this case, we can also define the regular point reducible
RCH system (T ∗Q,G,ω,H,F,W ) and RpCH-equivalence, and prove the Hamilton-Jacobi theo-
rem for RP -reduced RCH system ((T
∗Q)µ, ωµ, hµ, fµ, uµ) by using the above same way, and state
that the solution of Hamilton-Jacobi equation for regular point reducible RCH system with sym-
metry leaves invariant under the conditions of RpCH-equivalence, where the RP -reduced space
((T ∗Q)µ, ωµ) is determined by the affine action.
4 Hamilton-Jacobi Theorem of Regular Orbit Reduced RCH
System
In this section, we first review some relevant definitions and basic facts about regular orbit
reducible RCH systems and RoCH-equivalence, then we prove the Hamilton-Jacobi theorem of
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regular orbit reduced RCH system, by using reduced symplectic form and Lemma 2.7, and state
the relationship between the solutions of Hamilton-Jacobi equations and regular orbit reduc-
tion, as well as that the solution of Hamilton-Jacobi equation for RCH system with symmetry
leaves invariant under the conditions of RoCH-equivalence. We shall follow the notations and
conventions introduced in Marsden et al [18], Wang [25].
4.1 Regular Orbit Reducible RCH System
Let Φ : G×Q→ Q be a smooth left action of the Lie group G on Q, which is free and proper.
Then the cotangent lifted left action ΦT
∗
: G× T ∗Q→ T ∗Q is symplectic, free and proper, and
admits a Ad∗-equivariant momentum map J : T ∗Q→ g∗. Assume that µ ∈ g∗ is a regular value
of the momentum map J and Oµ = G · µ ⊂ g
∗ is the G-orbit of the coadjoint G-action through
the point µ. Since G acts freely, properly and symplectically on T ∗Q, then the quotient space
(T ∗Q)Oµ = J
−1(Oµ)/G is a regular quotient symplectic manifold with the symplectic form ωOµ
uniquely characterized by the relation
i∗Oµω = π
∗
Oµ
ωOµ + J
∗
Oµ
ω+
Oµ
, (4.1)
where JOµ is the restriction of the momentum map J to J
−1(Oµ), that is, JOµ = J · iOµ and
ω+
Oµ
is the +-symplectic structure on the orbit Oµ given by
ω+
Oµ
(ν)(ξg∗(ν), ηg∗(ν)) =< ν, [ξ, η] >, ∀ ν ∈ Oµ, ξ, η ∈ g. (4.2)
The maps iOµ : J
−1(Oµ) → T
∗Q and πOµ : J
−1(Oµ) → (T
∗Q)Oµ are natural injection and the
projection, respectively. The pair ((T ∗Q)Oµ , ωOµ) is called the symplectic orbit reduced space
of (T ∗Q,ω). Let H : T ∗Q → R be a G-invariant Hamiltonian, the flow Ft of the Hamiltonian
vector field XH leaves the connected components of J
−1(Oµ) invariant and commutes with the
G-action, so it induces a flow f
Oµ
t on (T
∗Q)Oµ , defined by f
Oµ
t ·πOµ = πOµ ·Ft · iOµ , and the vec-
tor field XhOµ generated by the flow f
Oµ
t on ((T
∗Q)Oµ , ωOµ) is Hamiltonian with the associated
regular orbit reduced Hamiltonian function hOµ : (T
∗Q)Oµ → R defined by hOµ · πOµ = H · iOµ
and the Hamiltonian vector fields XH and XhOµ are πOµ-related.
When Q = G is a Lie group with Lie algebra g, and the G-action is the cotangent lift of
left translation, then the associated momentum map JL : T
∗G → g∗ is right invariant. In the
same way, the momentum map JR : T
∗G → g∗ for the cotangent lift of right translation is left
invariant. For regular value µ ∈ g∗, Oµ = G · µ = {Ad
∗
g−1 µ|g ∈ G} and the Kostant-Kirilllov-
Sourian(KKS) symplectic forms on coadjoint orbit Oµ(⊂ g
∗) are given by
ω−
Oµ
(ν)(ad∗ξ(ν), ad
∗
η(ν)) = − < ν, [ξ, η] >, ∀ ν ∈ Oµ, ξ, η ∈ g.
From Ortega and Ratiu [21], we know that by using the momentum map JR can induce a sym-
plectic diffeomorphism from the symplectic point reduced space ((T ∗G)µ, ωµ) to the symplectic
orbit space (Oµ, ω
−
Oµ
). In general case, we maybe thought that the structure of the symplectic
orbit reduced space ((T ∗Q)Oµ , ωOµ) is more complex than that of the symplectic point reduced
space ((T ∗Q)µ, ωµ), but, from the regular reduction diagram, we know that the regular orbit
reduced space ((T ∗Q)Oµ , ωOµ) is symplectic diffeomorphic to the regular point reduced space
((T ∗Q)µ, ωµ), and hence is also symplectic diffeomorphic to a symplectic fiber bundle, see Mars-
den et al [18]. Thus, we can introduce a kind of the regular orbit reducible RCH systems as
follows.
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Definition 4.1 (Regular Orbit Reducible RCH System) A 6-tuple (T ∗Q,G,ω,H,F,W ), where
the Hamiltonian H : T ∗Q → R, the fiber-preserving map F : T ∗Q → T ∗Q and the fiber sub-
manifold W of T ∗Q are all G-invariant, is called a regular orbit reducible RCH system, if
there exists a orbit Oµ, µ ∈ g
∗, where µ is a regular value of the momentum map J, such
that the regular orbit reduced system, that is, the 5-tuple ((T ∗Q)Oµ , ωOµ , hOµ , fOµ ,WOµ), where
(T ∗Q)Oµ = J
−1(Oµ)/G, π
∗
Oµ
ωOµ = i
∗
Oµ
ω−J∗
Oµ
ω+
Oµ
, hOµ ·πOµ = H ·iOµ , fOµ ·πOµ = πOµ ·F ·iOµ ,
W ⊂ J−1(Oµ), WOµ = πOµ(W ), is a RCH system, which is simply written as RO-reduced CH
system. Where ((T ∗Q)Oµ , ωOµ) is the RO-reduced space, the function hOµ : (T
∗Q)Oµ → R is
called the reduced Hamiltonian, the fiber-preserving map fOµ : (T
∗Q)Oµ → (T
∗Q)Oµ is called the
reduced (external) force map, WOµ is a fiber submanifold of (T
∗Q)Oµ , and is called the reduced
control subset.
Denote byX(T ∗Q,G,ω,H,F,u) the vector field of the regular orbit reducible RCH system (T
∗Q,G,
ω,H,F,W ) with a control law u, then
X(T ∗Q,G,ω,H,F,u) = (dH)
♯ + vlift(F ) + vlift(u). (4.3)
Moreover, for the regular orbit reducible RCH system we can also introduce the regular orbit
reduced controlled Hamiltonian equivalence (RoCH-equivalence) as follows.
Definition 4.2 (RoCH-equivalence) Suppose that we have two regular orbit reducible RCH sys-
tems (T ∗Qi, Gi, ωi,Hi, Fi,Wi), i = 1, 2, we say them to be RoCH-equivalent, or simply,
(T ∗Q1, G1, ω1,H1, F1,W1)
RoCH
∼ (T ∗Q2, G2, ω2,H2, F2,W2), if there exists a diffeomorphism
ϕ : Q1 → Q2 such that the following Hamiltonian matching conditions hold:
RoHM-1: The cotangent lift map ϕ∗ : T ∗Q2 → T
∗Q1 is symplectic.
RoHM-2: For Oµi , µi ∈ g
∗
i , the regular reducible orbits of RCH systems (T
∗Qi, Gi, ωi,Hi, Fi,
Wi), i = 1, 2, the map ϕ
∗
Oµ
= i−1
Oµ1
· ϕ∗ · iOµ2 : J
−1
2 (Oµ2) → J
−1
1 (Oµ1) is (G2, G1)-equivariant,
W1 = ϕ
∗
Oµ
(W2), and J
∗
2Oµ2
ω+2Oµ2
= (ϕ∗
Oµ
)∗ · J∗1Oµ1
ω+1Oµ1
, where µ = (µ1, µ2), and denote by
i−1
Oµ1
(S) the preimage of a subset S ⊂ T ∗Q1 for the map iOµ1 : J
−1
1 (Oµ1)→ T
∗Q1.
RoHM-3: Im[(dH1)
♯ + vlift(F1)− ((ϕ∗)
∗dH2)
♯ − vlift(ϕ∗F2ϕ∗)] ⊂ vlift(W1).
It is worthy of note that for the regular orbit reducible RCH system, the induced equivalent
map ϕ∗ not only keeps the symplectic structure and the restriction of the +-symplectic structure
on the regular orbit to J−1(Oµ), but also keeps the equivariance of G-action on the regular
orbit. If a feedback control law uOµ : (T
∗Q)Oµ → WOµ is chosen, the RO-reduced RCH system
((T ∗Q)Oµ , ωOµ , hOµ , fOµ , uOµ) is a closed-loop regular dynamic system with a control law uOµ .
Assume that its vector field X((T ∗Q)Oµ ,ωOµ ,hOµ ,fOµ ,uOµ) can be expressed by
X((T ∗Q)Oµ ,ωOµ ,hOµ ,fOµ ,uOµ ) = (dhOµ)
♯ + vlift(fOµ) + vlift(uOµ), (4.4)
where (dhOµ)
♯ = XhOµ , vlift(fOµ) = vlift(fOµ)XhOµ , vlift(uOµ) = vlift(uOµ)XhOµ , and satisfies
the condition
X((T ∗Q)Oµ ,ωOµ ,hOµ ,fOµ ,uOµ ) · πOµ = TπOµ ·X(T ∗Q,G,ω,H,F,u) · iOµ . (4.5)
Then we can obtain the following regular orbit reduction theorem for RCH system, which ex-
plains the relationship between the RoCH-equivalence for the regular orbit reducible RCH sys-
tems with symmetry and the RCH-equivalence for associated RO-reduced RCH systems, its
proof is given in Marsden et al [18]. This theorem can be regarded as an extension of regular or-
bit reduction theorem of Hamiltonian systems under regular controlled Hamiltonian equivalence
conditions.
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Theorem 4.3 If two regular orbit reducible RCH systems (T ∗Qi, Gi, ωi,Hi, Fi,Wi), i = 1, 2, are
RoCH-equivalent, then their associated RO-reduced RCH systems ((T
∗Q)Oµi , ωiOµi , hiOµi , fiOµi ,
WiOµi ), i = 1, 2, must be RCH-equivalent. Conversely, if RO-reduced RCH systems ((T
∗Q)Oµi ,
ωiOµi , hiOµi , fiOµi ,WiOµi ), i = 1, 2, are RCH-equivalent and the induced map ϕ
∗
Oµ
: J−12 (Oµ2)→
J−11 (Oµ1), such that J
∗
2Oµ2
ω+2Oµ2
= (ϕ∗
Oµ
)∗ · J∗1Oµ1
ω+1Oµ1
, then the regular orbit reducible RCH
systems (T ∗Qi, Gi, ωi,Hi, Fi,Wi), i = 1, 2, are RoCH-equivalent.
4.2 Hamilton-Jacobi Theorem of RO-reduced RCH System
In the following we first prove the Hamilton-Jacobi theorem of regular orbit reduced RCH sys-
tem by using reduced symplectic form and Lemma 2.7. Then we give a theorem to state the
relationship between solutions of Hamilton-Jacobi equations and regular orbit reduction. More-
over, we prove that the solution of Hamilton-Jacobi equation for regular orbit reducible RCH
system with symmetry leaves invariant under the conditions of RoCH-equivalence.
At first, for the regular orbit reducible RCH system (T ∗Q,G,ω,H,F,W ), we can prove the
following Hamilton-Jacobi theorem for RO-reduced RCH system ((T
∗Q)Oµ , ωOµ , hOµ , fOµ , uOµ).
For convenience, the maps involved in the following theorem and its proof are shown in Diagram-
5.
J−1(Oµ)
iOµ
// T ∗Q
πQ

π∗Q
// T ∗T ∗Q
γ∗

T ∗(T ∗Q)Oµ
π∗
Oµ
oo
γ¯∗
xxqq
q
q
q
q
q
q
q
q
q
Q
X˜γ

γ
// T ∗Q
X˜

πOµ
// (T ∗Q)Oµ
X˜Oµ

TQ
Tγ
// T (T ∗Q)
TπOµ
// T (T ∗Q)Oµ
Diagram-5
Theorem 4.4 (Hamilton-Jacobi Theorem of RO-reduced RCH System) For a regular orbit re-
ducible RCH system (T ∗Q,G,ω,H,F,W ), assume that γ : Q → T ∗Q is an one-form on Q,
and γ∗ : T ∗T ∗Q → T ∗Q is symplectic, and γ is closed with respect to TπQ : TT
∗Q → TQ,
and X˜γ = TπQ · X˜ · γ, where X˜ = X(T ∗Q,G,ω,H,F,u) is the dynamical vector field of the regular
orbit reducible RCH system (T ∗Q,G,ω,H,F,W ) with a control law u. Moreover, assume that
Oµ, µ ∈ g
∗ is the regular reducible orbit of the RCH system, and Im(γ) ⊂ J−1(µ), and it is
G-invariant, and γ¯ = πOµ(γ) : Q→ (T
∗Q)Oµ . Then the following two assertions are equivalent:
(i) X˜γ and X˜Oµ are γ¯-related, that is, T γ¯ ·X˜
γ = X˜Oµ ·γ¯, where X˜Oµ = X((T ∗Q)Oµ ,ωOµ ,hOµ ,fOµ ,uOµ)
is the dynamical vector field of RO-reduced RCH system ((T
∗Q)Oµ , ωOµ , hOµ , fOµ , uOµ);
(ii) XhOµ ·γ¯ + vlift(fOµ · γ¯) + vlift(uOµ · γ¯) = 0, or X˜
γ .
Where the equation that XhOµ ·γ¯+vlift(fOµ ·γ¯)+vlift(uOµ ·γ¯) = 0, is the Hamilton-Jacobi equation
for the RO-reduced RCH system ((T
∗Q)Oµ , ωOµ , hOµ , fOµ , uOµ), and γ¯ is called a solution of the
Hamilton-Jacobi equation.
Proof: Note that the RO-reduced space (T
∗Q)Oµ = J
−1(Oµ)/G ∼= J
−1(µ)/G ×Oµ, with the
reduced symplectic form ωOµ uniquely characterized by the relation i
∗
Oµ
ω = π∗
Oµ
ωOµ + J
∗
Oµ
ω+
Oµ
.
Since Im(γ) ⊂ J−1(µ), and it is G-invariant, in this case for any V ∈ TQ, and w ∈ TT ∗Q,
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we have that J∗
Oµ
ω+
Oµ
(Tγ · V, w) = 0, and hence π∗
Oµ
ωOµ = i
∗
Oµ
ω = π∗Qω, along Im(γ). In the
following we first prove that (i) implies (ii). We take that v = X˜ · γ ∈ TT ∗Q, and for any
w ∈ TT ∗Q, and TπOµ · w 6= 0, from Lemma 2.7(ii) we have that
ωOµ(T γ¯ · X˜
γ , TπOµ · w) = ωOµ(T (πOµ · γ) · X˜
γ , TπOµ · w) = π
∗
Oµ
ωOµ(Tγ · X˜
γ , w)
= π∗Qω(T (γ · πQ) · X˜ · γ, w) = π
∗
Qω(X˜ · γ, w − T (γ · πQ) · w)
= π∗Qω(X˜ · γ, w)− π
∗
Qω(X˜ · γ, T (γ · πQ) · w)
= π∗OµωOµ(X˜ · γ, w)− π
∗
Oµ
ωOµ(X˜ · γ, T (γ · πQ) · w)
= ωOµ(TπOµ(X˜ · γ), TπOµ · w)− ωOµ(TπOµ(X˜ · γ), T (πOµ · γ) · TπQ · w)
= ωOµ(TπOµ(X˜) · πOµ(γ), TπOµ · w)− ωOµ(TπOµ(X˜) · πOµ(γ), T γ¯ · TπQ · w)
= ωOµ(X˜Oµ · γ¯, TπOµ · w)− ωOµ(X˜Oµ · γ¯, T γ¯ · TπQ · w),
where we used that TπOµ(X˜) = TπOµ ·X(T ∗Q,G,ω,H,F,u) = X((T ∗Q)Oµ ,ωOµ ,hOµ ,fOµ ,uOµ ) = X˜Oµ . By
assuming (i), T γ¯ ·X˜γ = X˜Oµ · γ¯, we can obtain that ωOµ(X˜Oµ · γ¯, T γ¯ ·TπQ ·w) = 0. On the other
hand, note that γ∗ : T ∗T ∗Q→ T ∗Q is symplectic, and γ¯∗ = γ∗ ·π∗
Oµ
: T ∗(T ∗Q)Oµ → T
∗Q is also
symplectic along Im(γ), and hence XhOµ · γ¯ = T γ¯ ·XhOµ ·γ¯ , and X˜Oµ · γ¯ = XhOµ · γ¯+vlift(fOµ) ·
γ¯ + vlift(uOµ) · γ¯ = T γ¯ ·XhOµ ·γ¯ + T γ¯ · vlift(fOµ · γ¯) + T γ¯ · vlift(uOµ · γ¯), where XhOµ ·γ¯ ∈ TQ is
the Hamiltonian vector field of function hOµ · γ¯ : Q→ R. Then we have that
0 = ωOµ(X˜Oµ · γ¯, T γ¯ · TπQ · w)
= ωOµ(T γ¯ · (XhOµ ·γ¯ + vlift(fOµ · γ¯) + vlift(uOµ · γ¯)), T γ¯ · TπQ · w)
= γ¯∗ωOµ(XhOµ ·γ¯ + vlift(fOµ · γ¯) + vlift(uOµ · γ¯), TπQ · w)
= γ∗ · π∗OµωOµ(XhOµ ·γ¯ + vlift(fOµ · γ¯) + vlift(uOµ · γ¯), TπQ · w)
= γ∗ · π∗Qω(XhOµ ·γ¯ + vlift(fOµ · γ¯) + vlift(uOµ · γ¯), TπQ · w)
= −dγ(XhOµ ·γ¯ + vlift(fOµ · γ¯) + vlift(uOµ · γ¯), TπQ · w).
It follows that either XhOµ ·γ¯ + vlift(fOµ · γ¯) + vlift(uOµ · γ¯) = 0, or there is someone v˜ ∈ TT
∗Q,
such that XhOµ ·γ¯ + vlift(fOµ · γ¯) + vlift(uOµ · γ¯) = TπQ · v˜. But from assuming (i), we have that
T γ¯ · X˜γ = X˜Oµ · γ¯ = T γ¯ · (XhOµ ·γ¯ + vlift(fOµ · γ¯) + vlift(uOµ · γ¯)),
and from Lemma 2.7(iii), Tγ : TQ→ TT ∗Q is injective with respect to TπQ : TT
∗Q→ TQ, and
hence, T γ¯ = TπOµ · Tγ is injective with respect to TπQ : TT
∗Q→ TQ, and XhOµ ·γ¯ +vlift(fOµ ·
γ¯) + vlift(uOµ · γ¯) = X˜
γ . Thus, (i) implies (ii).
Conversely, from the above arguments we have that for any w ∈ TT ∗Q, and TπOµ · w 6= 0,
then
ωOµ(T γ¯ · X˜
γ , TπOµ · w)− ωOµ(X˜Oµ · γ¯, TπOµ · w)
= dγ(XhOµ ·γ¯ + vlift(fOµ · γ¯) + vlift(uOµ · γ¯), TπQ · w).
Thus, since ωOµ is nondegenerate, the proof that (ii) implies (i) follows in the same way. 
In particular, if both the external force and control of the regular orbit reducible RCH
system (T ∗Q,G,ω,H,F, u) are zero, in this case the RCH system is just a regular orbit reducible
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Hamiltonian system (T ∗Q,G,ω,H). By using the same way of the proof of the above Theorem
4.4, we can also get the Hamilton-Jacobi theorem of RO-reduced Hamiltonian system, which is
given in Wang [25]. Thus, Theorem 4.4 can be regarded as an extension of Hamilton-Jacobi
theorem for regular orbit reduced Hamiltonian system. Moreover, for a regular orbit reducible
RCH system (T ∗Q,G,ω,H,F,W ) with a control law u, we know that the dynamical vector
fields X(T ∗Q,G,ω,H,F,u) and X((T ∗Q)Oµ ,ωOµ ,hOµ ,fOµ ,uOµ) are πOµ-related, that is,
X((T ∗Q)Oµ ,ωOµ ,hOµ ,fOµ ,uOµ ) ·πOµ = TπOµ ·X(T ∗Q,G,ω,H,F,u) · iOµ . Then we can prove the following
Theorem 4.5, which states the relationship between the solutions of Hamilton-Jacobi equations
and regular orbit reduction.
Theorem 4.5 For a regular orbit reducible RCH system (T ∗Q,G,ω,H,F,W ) with a control
law u, assume that γ : Q → T ∗Q is an one-form on Q, and γ∗ : T ∗T ∗Q → T ∗Q is symplectic,
and γ is closed with respect to TπQ : TT
∗Q → TQ,. Moreover, assume that Oµ, µ ∈ g
∗
is the regular reducible orbit of the RCH system, and Im(γ) ⊂ J−1(µ), and it is G-invariant,
and γ¯ = πOµ(γ) : Q → (T
∗Q)Oµ . Then γ is a solution of Hamilton-Jacobi equation for the
regular orbit reducible RCH system (T ∗Q,G,ω,H,F, u) with a control law u, if and only if
γ¯ = πOµ(γ) : Q → (T
∗Q)Oµ is a solution of Hamilton-Jacobi equation for RO-reduced RCH
system ((T ∗Q)Oµ , ωOµ , hOµ , fOµ , uOµ).
Proof: In fact, from the proof of Theorem 2.8, we know that
Tγ · (XH·γ + vlift(F · γ) + vlift(u · γ)) = X˜ · γ = Tγ · X˜
γ ,
and from the proof of Theorem 4.4, we have that
T γ¯ · X˜γ = X˜Oµ · γ¯ = T γ¯ · (XhOµ ·γ¯ + vlift(fOµ · γ¯) + vlift(uOµ · γ¯)).
Note that both maps Tγ : TQ → TT ∗Q and T γ¯ = TπOµ · Tγ : TQ → T (T
∗Q)Oµ are injective
with respect to TπQ : TT
∗Q→ TQ. Thus,
XH·γ + vlift(F · γ) + vlift(u · γ) = 0, ⇔ X˜
γ = 0, ⇔ XhOµ ·γ¯ + vlift(fOµ · γ¯) + vlift(uOµ · γ¯) = 0.
It follows that the conclusion of Theorem 4.5 holds. 
Moreover, if considering the RoCH-equivalence of regular orbit reducible RCH systems, we
can obtain the following Theorem 4.6, which states that the solution of Hamilton-Jacobi equation
for regular orbit reducible RCH system with symmetry leaves invariant under the conditions of
RoCH-equivalence.
Theorem 4.6 Suppose that two regular orbit reducible RCH systems (T ∗Qi, Gi, ωi,Hi, Fi,Wi),
i = 1, 2, are RoCH-equivalent with an equivalent map ϕ : Q1 → Q2.
(i) If γ2 : Q2 → T
∗Q2 is a solution of the Hamilton-Jacobi equation for RCH system (T
∗Q2, G2, ω2,
H2, F2,W2), and γ
∗
2 : T
∗T ∗Q2 → T
∗Q2 is symplectic, and γ2 is closed with respect to TπQ2 :
TT ∗Q2 → TQ2, γ1 = ϕ
∗ · γ2 · ϕ : Q1 → T
∗Q1. Moreover, assume that Oµi , µi ∈ g
∗
i , i = 1, 2,
are the regular reducible orbits of the two RCH systems, and Im(γi) ⊂ J
−1
i (µi), and it is Gi-
invariant, i = 1, 2. Then γ1 = ϕ
∗ · γ2 · ϕ is a solution of the Hamilton-Jacobi equation for RCH
system (T ∗Q1, G1, ω1,H1, F1,W1);
(ii) If γ1 : Q1 → T
∗Q1 is a solution of the Hamilton-Jacobi equation for RCH system (T
∗Q1, G1, ω1,
H1, F1,W1), and γ
∗
1 : T
∗T ∗Q1 → T
∗Q1 is symplectic, and γ1 is closed with respect to TπQ1 :
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TT ∗Q1 → TQ1, γ2 = (ϕ
−1)∗·γ1·ϕ
−1 : Q2 → T
∗Q2.Moreover, assume that Oµi , µi ∈ g
∗
i , i = 1, 2,
are the regular reducible orbits of the two RCH systems, and Im(γi) ⊂ J
−1
i (µi), and it is Gi-
invariant, i = 1, 2. Then γ2 = (ϕ
−1)∗ · γ1 ·ϕ
−1 is a solution of the Hamilton-Jacobi equation for
RCH system (T ∗Q2, G2, ω2,H2, F2,W2).
Proof: We first prove the conclusion (i). If (T ∗Q1, G1, ω1,H1, F1,W1)
RoCH
∼ (T ∗Q2, G2, ω2,H2,
F2,W2), then from Definition 4.2 there exists a diffeomorphism ϕ : Q1 → Q2, such that
ϕ∗ : T ∗Q2 → T
∗Q1 is symplectic, and for µi ∈ g
∗
i , i = 1, 2, ϕ
∗
Oµ
= i−1
Oµ1
· ϕ∗ · iOµ2 : J
−1
2 (Oµ2)→
J−11 (Oµ1) is (G2, G1)-equivariant, J
∗
2Oµ2
ω+2Oµ2
= (ϕ∗
Oµ
)∗ · J∗1Oµ1
ω+1Oµ1
. From the following com-
mutative Diagram-6,
Q2
γ2
−−−−→ T ∗Q2
iOµ2←−−−− J−12 (Oµ2)
πOµ2−−−−→ (T ∗Q2)Oµ2
ϕ
x ϕ∗
y ϕ∗Oµ
y ϕ∗Oµ/G
y
Q1
γ1
−−−−→ T ∗Q1
iOµ1←−−−− J−11 (Oµ1)
πOµ1−−−−→ (T ∗Q1)Oµ1
Diagram-6
we have a well-defined symplectic map ϕ∗
Oµ/G
: (T ∗Q2)Oµ2 → (T
∗Q1)Oµ1 , such that ϕ
∗
Oµ/G
·
πOµ2 = πOµ1 ·ϕ
∗
Oµ
, see Marsden et al [18]. Then from Theorem 4.3 we know that the associated
RO-reduced RCH systems ((T
∗Q)Oµi , ωiOµi , hiOµi , fiOµi ,WiOµi ), i = 1, 2, are RCH-equivalent
with an equivalent map ϕ∗
Oµ/G
: (T ∗Q2)Oµ2 → (T
∗Q1)Oµ1 . If γ2 : Q2 → T
∗Q2 is a solution
of the Hamilton-Jacobi equation for RCH system (T ∗Q2, G2, ω2,H2, F2,W2), from Theorem 4.5
we know that γ¯2 = πOµ2 (γ2) : Q2 → (T
∗Q2)Oµ2 is a solution of Hamilton-Jacobi equation for
RO-reduced RCH system ((T
∗Q2)Oµ2 , ω2Oµ2 , h2Oµ2 , f2Oµ2 , u2Oµ2 ). Note that γ1 = ϕ
∗ · γ2 · ϕ :
Q1 → T
∗Q1, then γ¯1 = πOµ1 (γ1) = πOµ1 ·ϕ
∗ · γ2 ·ϕ = ϕ
∗
Oµ/G
· πOµ2 · γ2 ·ϕ = ϕ
∗
Oµ/G
· γ¯2 ·ϕ. From
Theorem 2.9(i) we know that γ¯1 = ϕ
∗
Oµ/G
· γ¯2 · ϕ is a solution of Hamilton-Jacobi equation for
RCH-equivalent system ((T ∗Q1)Oµ1 , ω1Oµ1 , h1Oµ1 , f1Oµ1 , u1Oµ1 ), and hence from Theorem 4.5
we know that γ1 = ϕ
∗ · γ2 · ϕ is a solution of the Hamilton-Jacobi equation for RCH system
(T ∗Q1, G1, ω1,H1, F1,W1). It follows that the conclusion (i) of Theorem 4.6 holds.
Conversely, note that ϕ : Q1 → Q2 is a diffeomorphism, by using the same way, we can also
prove the conclusion (ii) of Theorem 4.6. 
Remark 4.7 If (T ∗Q,ω) is a connected symplectic manifold, and J : T ∗Q → g∗ is a non-
equivariant momentum map with a non-equivariance group one-cocycle σ : G → g∗, which is
defined by σ(g) := J(g · z) − Ad∗g−1 J(z), where g ∈ G and z ∈ T
∗Q. Then we know that σ
produces a new affine action Θ : G × g∗ → g∗ defined by Θ(g, µ) := Ad∗g−1 µ + σ(g), where
µ ∈ g∗, with respect to which the given momentum map J is equivariant. Assume that G acts
freely and properly on T ∗Q, and Oµ = G · µ ⊂ g
∗ denotes the G-orbit of the point µ ∈ g∗ with
respect to this affine action Θ, and µ is a regular value of J. Then the quotient space (T ∗Q)Oµ =
J−1(Oµ)/G is also a symplectic manifold with symplectic form ωOµ uniquely characterized by
(4.1), see Ortega and Ratiu [21] and Marsden et al [15]. In this case, we can also define the
regular orbit reducible RCH system (T ∗Q,G,ω,H,F,W ) and RoCH-equivalence, and prove the
Hamilton-Jacobi theorem for RO-reduced Hamiltonian system ((T
∗Q)Oµ , ωOµ , hOµ , fOµ , uOµ) by
using the above same way, and state that the solution of Hamilton-Jacobi equation for regular
orbit reducible RCH system with symmetry leaves invariant under the conditions of RoCH-
equivalence, where the RO-reduced space ((T
∗Q)Oµ , ωOµ) is determined by the affine action.
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5 Applications
In this section, as an application of the theoretical results, we consider the regular point reducible
RCH system on the generalization of a Lie group, and give Hamilton-Jacobi equation of the
reduced system. In particular, we show the Hamilton-Jacobi theorems of rigid body and heavy
top with internal rotors on the generalization of rotation group SO(3) and on the generalization
of Euclidean group SE(3) by calculation in detail, respectively. Note that these given equations
are more complex than that of Hamiltonian system without control, which describe explicitly
the effect on controls in regular symplectic reduction and Hamilton-Jacobi theory. We shall
follow the notations and conventions introduced in Marsden et al [16], Marsden and Ratiu [17],
Marsden et al [18], and Wang [25].
5.1 Hamilton-Jacobi Theorem on the Generalization of a Lie Group
In order to describe the Hamilton-Jacobi theorems of rigid body and heavy top with internal
rotors, we need to first consider the regular point reducible RCH system on the generaliza-
tion of a Lie group Q = G × V , where G is a Lie group with Lie algebra g and V is a k-
dimensional vector space. Defined the left G-action Φ : G × Q → Q, Φ(g, (h, θ)) := (gh, θ),
for any g, h ∈ G, θ ∈ V , that is, the G-action on Q is the left translation on the first
factor G, and G acts trivially on the second factor V . Because T ∗Q = T ∗G × T ∗V , and
T ∗V = V × V ∗, by using the left trivialization of T ∗G, that is, T ∗G = G × g∗, where g∗
is the dual of g, and hence we have that T ∗Q = G × g∗ × V × V ∗. If the left G-action
Φ : G × Q → Q is free and proper, then the cotangent lift of the action to its cotangent
bundle T ∗Q, given by ΦT
∗
: G × T ∗Q → T ∗Q, ΦT
∗
(g, (h, µ, θ, λ)) := (gh, µ, θ, λ), for any
g, h ∈ G, µ ∈ g∗, θ ∈ V, λ ∈ V ∗, is also a free and proper action, and the orbit space (T ∗Q)/G
is a smooth manifold and π : T ∗Q → (T ∗Q)/G is a smooth submersion. Since G acts trivially
on g∗, V and V ∗, it follows that (T ∗Q)/G is diffeomorphic to g∗ × V × V ∗.
We know that g∗ is a Poisson manifold with respect to the (±)-Lie-Poisson bracket {·, ·}±
defined by
{f, g}±(µ) := ± < µ, [
δf
δµ
,
δg
δµ
] >, ∀f, g ∈ C∞(g∗), µ ∈ g∗, (5.1)
where the element δfδµ ∈ g is defined by the equality < v,
δf
δµ >:= Df(µ) · v, for any v ∈ g
∗,
see Marsden and Ratiu [17]. For µ ∈ g∗, the coadjoint orbit Oµ ⊂ g
∗ has the induced orbit
symplectic forms ω±
Oµ
given by
ω±
Oµ
(ν)(ad∗ξ(ν), ad
∗
η(ν)) = ±〈ν, [ξ, η]〉, ∀ ξ, η ∈ g, ν ∈ Oµ ⊂ g
∗, (5.2)
which are coincide with the restriction of the Lie-Poisson brackets on g∗ to the coadjoint orbit Oµ.
From the Symplectic Stratification theorem we know that the coadjoint orbits (Oµ, ω
±
Oµ
), µ ∈
g
∗, form the symplectic leaves of the Poisson manifolds (g∗, {·, ·}±). Let ωV be the canonical
symplectic form on T ∗V ∼= V × V ∗ given by
ωV ((θ1, λ1), (θ2, λ2)) =< λ2, θ1 > − < λ1, θ2 >,
where (θi, λi) ∈ V ×V
∗, i = 1, 2, < ·, · > is the natural pairing between V ∗ and V . Thus, we can
induce a symplectic forms ω˜±
Oµ×V×V ∗
= π∗
Oµ
ω±
Oµ
+ π∗V ωV on the smooth manifold Oµ× V × V
∗,
where the maps πOµ : Oµ × V × V
∗ → Oµ and πV : Oµ × V × V
∗ → V × V ∗ are canonical
projections. on the other hand, note that for F,K : T ∗V ∼= V ×V ∗ → R, by using the canonical
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symplectic form ωV on T
∗V ∼= V × V ∗, we can define the Poisson bracket {·, ·}V on T
∗V as
follows
{F,K}V (θ, λ) =<
δF
δθ
,
δK
δλ
> − <
δK
δθ
,
δF
δλ
>
If θi, i = 1, · · · , k, is a base of V , and λi, i = 1, · · · , k, a base of V
∗, then we have that
{F,K}V (θ, λ) =
k∑
i=1
(
∂F
∂θi
∂K
∂λi
−
∂K
∂θi
∂F
∂λi
).
Thus, by the (±)-Lie-Poisson brackets on g∗ and the Poisson bracket {·, ·}V on T
∗V , for F,K :
g
∗ × V × V ∗ → R, we can define the Poisson bracket on g∗ × V × V ∗ as follows
{F,K}±(µ, θ, λ) = {F,K}±(µ)+{F,K}V (θ, λ) = ± < µ, [
δF
δµ
,
δK
δµ
] > +
k∑
i=1
(
∂F
∂θi
∂K
∂λi
−
∂K
∂θi
∂F
∂λi
).
(5.3)
See Krishnaprasad and Marsden [9]. In particular, for Fµ,Kµ : Oµ×V ×V
∗ → R, we have that
ω˜±
Oµ×V×V ∗
(XFµ ,XKµ) = {Fµ,Kµ}±|Oµ×V×V ∗ .
On the other hand, from T ∗Q = T ∗G × T ∗V we know that there is a canonical symplectic
form ωQ = π
∗
1ω0 + π
∗
2ωV on T
∗Q, where ω0 is the canonical symplectic form on T
∗G and the
maps π1 : Q = G × V → G and π2 : Q = G × V → V are canonical projections. Then the
cotangent lift of the left G-action ΦT
∗
: G × T ∗Q → T ∗Q is also symplectic, and admits an
associated Ad∗-equivariant momentum map JQ : T
∗Q → g∗ such that JQ · π
∗
1 = JL, where
JL : T
∗G→ g∗ is a momentum map of left G-action on T ∗G, and π∗1 : T
∗G→ T ∗Q. If µ ∈ g∗ is
a regular value of JQ, then µ ∈ g
∗ is also a regular value of JL and J
−1
Q (µ)
∼= J−1L (µ)× V × V
∗.
Denote by Gµ = {g ∈ G|Ad
∗
g µ = µ} the isotropy subgroup of coadjoint G-action at the point
µ ∈ g∗. It follows that Gµ acts also freely and properly on J
−1
Q (µ), the regular point reduced
space (T ∗Q)µ = J
−1
Q (µ)/Gµ
∼= (T ∗G)µ×V ×V
∗ of (T ∗Q,ωQ) at µ, is a symplectic manifold with
symplectic form ωµ uniquely characterized by the relation π
∗
µωµ = i
∗
µωQ = i
∗
µπ
∗
1ω0 + i
∗
µπ
∗
2ωV ,
where the map iµ : J
−1
Q (µ)→ T
∗Q is the inclusion and πµ : J
−1
Q (µ)→ (T
∗Q)µ is the projection.
Because from Abraham and Marsden [1], we know that ((T ∗G)µ, ωµ) is symplectically diffeo-
morphic to (Oµ, ω
−
Oµ
), and hence we have that ((T ∗Q)µ, ωµ) is symplectically diffeomorphic to
(Oµ×V ×V
∗, ω˜−
Oµ×V×V ∗
), which is a symplectic leaf of the Poisson manifold (g∗×V ×V ∗, {·, ·}−).
We now consider the Lagrangian L(g, ξ, θ, θ˙) : TQ ∼= G × g × TV → R, which is usual the
total kinetic minus potential energy of the system, where (g, ξ) ∈ G × g, and θ ∈ V , ξi and
θ˙j = dθ
j
dt , (i = 1, · · · , n, j = 1, · · · , k, n = dimG, k = dimV ), regarded as the velocity of
system. If we introduce the conjugate momentum pi =
∂L
∂ξi
, lj =
∂L
∂θ˙j
, i = 1, · · · , n, j = 1, · · · , k,
and by the Legendre transformation FL : TQ ∼= G × g × V × V → T ∗Q ∼= G × g∗ × V × V ∗,
(gi, ξi, θj, θ˙j)→ (gi, pi, θ
j, lj), we have the Hamiltonian H(g, p, θ, l) : T
∗Q ∼= G×g∗×V ×V ∗ → R
given by
H(gi, pi, θ
j, lj) =
n∑
i=1
piξ
i +
k∑
j=1
lj θ˙
j − L(gi, ξi, θj, θ˙j). (5.4)
If the Hamiltonian H(g, p, θ, l) : T ∗Q ∼= G × g∗ × V × V ∗ → R is left cotangent lifted G-action
ΦT
∗
invariant, for µ ∈ g∗ we have the associated reduced Hamiltonian hµ(ν, θ, l) : (T
∗Q)µ ∼=
Oµ × V × V
∗ → R, defined by hµ · πµ = H · iµ, and the reduced Hamiltonian vector field Xhµ
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given by Xhµ(Kµ) = {Kµ, hµ}−|Oµ×V×V ∗ . Thus, if the fiber-preserving map F : T
∗Q → T ∗Q
and the fiber submanifold W of T ∗Q are all left cotangent lifted G-action ΦT
∗
invariant, then
the 6-tuple (T ∗Q,G,ωQ,H, F,W ) is a regular point reducible RCH system. For a point µ ∈ g
∗,
the regular value of the momentum map JQ : T
∗Q→ g∗, the RP -reduced system is the 5-tuple
(Oµ × V × V
∗, ω˜−
Oµ×V×V ∗
, hµ, fµ,Wµ), where Oµ ⊂ g
∗ is the coadjoint orbit, ω˜−
Oµ×V×V ∗
is orbit
symplectic form on Oµ×V ×V
∗, hµ ·πµ = H ·iµ, fµ ·πµ = πµ ·F ·iµ,W ⊂ J
−1
Q (µ), and uµ ∈Wµ =
πµ(W ) ⊂ Oµ× V ×V
∗, uµ · πµ = πµ · u · iµ. Moreover, assume that γ : Q→ T
∗Q is an one-form
on Q, and γ∗ : T ∗T ∗Q→ T ∗Q is symplectic, and γ is closed with respect to TπQ : TT
∗Q→ TQ,
and Im(γ) ⊂ J−1Q (µ), and it is Gµ-invariant, and γ¯ = πµ(γ) : Q → Oµ × V × V
∗. By using the
same way in the proof of Hamilton-Jacobi theorem for the RP -reduced RCH system, we can get
the following theorem.
Theorem 5.1 For the regular point reducible RCH system (T ∗Q,G,ωQ,H, F,W ) on the gen-
eralization of a Lie group Q = G × V , where G is a Lie group and V is a k-dimensional
vector space, assume that γ : Q → T ∗Q is an one-form on Q, and γ∗ : T ∗T ∗Q → T ∗Q
is symplectic, and γ is closed with respect to TπQ : TT
∗Q → TQ, and X˜γ = TπQ · X˜ · γ,
where X˜ = X(T ∗Q,G,ωQ,H,F,u) is the dynamical vector field of the regular point reducible RCH
system (T ∗Q,G,ωQ,H, F,W ) with a control law u. Moreover, assume that µ ∈ g
∗ is the reg-
ular reducible point of the RCH system, and Im(γ) ⊂ J−1Q (µ), and it is Gµ-invariant, and
γ¯ = πµ(γ) : Q → Oµ × V × V
∗. Then the following two assertions are equivalent: (i) X˜γ and
X˜µ are γ¯-related, where X˜µ = X(Oµ×V×V ∗,ω˜−
Oµ×V×V ∗
,hµ,fµ,uµ)
is the dynamical vector field of RP -
reduced RCH system (Oµ×V×V
∗, ω˜−
Oµ×V×V ∗
, hµ, fµ, uµ); (ii) Xhµ·γ¯+vlift(fµ·γ¯)+vlift(uµ·γ¯) = 0,
or Xhµ·γ¯ + vlift(fµ · γ¯) + vlift(uµ · γ¯) = X˜
γ . Moreover, γ is a solution of the Hamilton-Jacobi
equation XH·γ+vlift(F ·γ)+vlift(u ·γ) = 0, if and only if γ¯ is a solution of the Hamilton-Jacobi
equation Xhµ·γ¯ + vlift(fµ · γ¯) + vlift(uµ · γ¯) = 0.
In particular, when Q = G, we can obtain the Hamilton-Jacobi theorem for the RP -reduced
RCH system on Lie group G. In this case, note that the symplecitic structure on the coadjoint
orbit Oµ is induced by the (-)-Lie-Poisson brackets on g
∗, then the Hamilton-Jacobi equation
Xhµ·γ¯ + vlift(fµ · γ¯) + vlift(uµ · γ¯) = 0 for RP -reduced RCH system (Oµ, ω
−
Oµ
, hµ, fµ, uµ) is also
called Lie-Poisson Hamilton-Jacobi equation. See Wang [25], Marsden and Ratiu [17], and Ge
and Marsden [7].
5.2 Hamilton-Jacobi Equation of Rigid Body with Internal Rotors
In the following we regard the rigid body with three symmetric internal rotors as a regular
point reducible RCH system on the generalization of rotation group SO(3) × R3, and give the
Hamilton-Jacobi equation of its reduced RCH system by calculation in detail. Note that our
description of the motion and the equations of rigid body with internal rotors in this subsection
follows some of the notations and conventions in Marsden and Ratiu [17], Marsden [14], Marsden
et al [18].
We consider a rigid body (to be called the carrier body) carrying three symmetric ro-
tors. Denote the system center of mass by O in the body frame and at O place a set of
(orthonormal) body axes. Assume that the rotor and the body coordinate axes are aligned
with principal axes of the carrier body. The rotor spins under the influence of a torque u
acting on the rotor. The configuration space is Q = SO(3) × V , where V = S1 × S1 × S1,
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with the first factor being rigid body attitude and the second factor being the angles of ro-
tors. The corresponding phase space is the cotangent bundle T ∗Q = T ∗SO(3) × T ∗V , where
T ∗V = T ∗(S1 × S1 × S1) ∼= T ∗R3, with the canonical symplectic form. Assume that Lie group
G = SO(3) acts freely and properly on Q by the left translation on SO(3), then the action of
SO(3) on the phase space T ∗Q is by cotangent lift of left translation on SO(3) at the identity, that
is, Φ : SO(3)×T ∗SO(3)×T ∗V ∼= SO(3)×SO(3)× so∗(3)×R3×R3 → SO(3)× so∗(3)×R3×R3,
given by Φ(B, (A,Π, α, l)) = (BA,Π, α, l), for any A,B ∈ SO(3), Π ∈ so∗(3), α, l ∈ R3, which
is also free and proper, and admits a associated Ad∗-equivariant momentum map JQ : T
∗Q ∼=
SO(3)×so∗(3)×R3×R3 → so∗(3) for the left SO(3) action. If Π ∈ so∗(3) is a regular value of JQ,
then the regular point reduced space (T ∗Q)Π = J
−1
Q (Π)/SO(3)Π is symplectically diffeomorphic
to the coadjoint orbit OΠ × R
3 × R3 ⊂ so∗(3)× R3 × R3.
Let I = diag(I1, I2, I3) be the moment of inertia of the carrier body in the principal
body-fixed frame, and Ji, i = 1, 2, 3 be the moments of inertia of rotors around their ro-
tation axes. Let Jik, i = 1, 2, 3, k = 1, 2, 3, be the moments of inertia of the ith rotor
with i = 1, 2, 3, around the kth principal axis with k = 1, 2, 3, respectively, and denote by
I¯i = Ii + J1i + J2i + J3i − Jii, i = 1, 2, 3. Let Ω = (Ω1,Ω2,Ω3) be the vector of body angular
velocities computed with respect to the axes fixed in the body and (Ω1,Ω2,Ω3) ∈ so(3). Let
αi, i = 1, 2, 3, be the relative angles of rotors and α˙ = (α˙1, α˙2, α˙3) the vector of rotor relative
angular velocities about the principal axes with respect to a carrier body fixed frame.
Consider the Lagrangian of the system L(A,Ω, α, α˙) : TQ ∼= SO(3) × so(3)× R3 × R3 → R,
which is the total kinetic energy of the rigid body plus the total kinetic energy of the rotor,
given by
L(A,Ω, α, α˙) =
1
2
[I¯1Ω
2
1 + I¯2Ω
2
2 + I¯3Ω
2
3 + J1(Ω1 + α˙1)
2 + J2(Ω2 + α˙2)
2 + J3(Ω3 + α˙3)
2],
where A ∈ SO(3), Ω = (Ω1,Ω2,Ω3) ∈ so(3), α = (α1, α2, α3) ∈ R
3, α˙ = (α˙1, α˙2, α˙3) ∈ R
3. If we
introduce the conjugate angular momentum, which is given by
Πi =
∂L
∂Ωi
= I¯iΩi + Ji(Ωi + α˙i), li =
∂L
∂α˙i
= Ji(Ωi + α˙i), i = 1, 2, 3,
and by the Legendre transformation FL : TQ ∼= SO(3) × so(3) × R3 × R3 → T ∗Q ∼= SO(3) ×
so
∗(3) × R3 ×R3, (A,Ω, α, α˙)→ (A,Π, α, l), where Π = (Π1,Π2,Π3) ∈ so
∗(3), l = (l1, l2, l3) ∈
R
3, we have the Hamiltonian H(A,Π, α, l) : T ∗Q ∼= SO(3)× so∗(3)× R3 ×R3 → R given by
H(A,Π, α, l) = Ω · Π+ α˙ · l − L(A,Ω, α, α˙)
= I¯1Ω
2
1 + J1(Ω
2
1 +Ω1α˙1) + I¯2Ω
2
2 + J2(Ω
2
2 +Ω2α˙2) + I¯3Ω
2
3 + J3(Ω
2
3
+Ω3α˙3) + J1(α˙1Ω1 + α˙
2
1) + J2(α˙2Ω2 + α˙
2
2) + J3(α˙3Ω3 + α˙
2
3)
−
1
2
[I¯1Ω
2
1 + I¯2Ω
2
2 + I¯3Ω
2
3 + J1(Ω1 + α˙1)
2 + J2(Ω2 + α˙2)
2 + J3(Ω3 + α˙3)
2]
=
1
2
[
(Π1 − l1)
2
I¯1
+
(Π2 − l2)
2
I¯2
+
(Π3 − l3)
2
I¯3
+
l21
J1
+
l22
J2
+
l23
J3
].
From the above expression of the Hamiltonian, we know that H(A,Π, α, l) is invariant under
the left SO(3)-action Φ : SO(3)×T ∗Q→ T ∗Q. For the case Π0 = µ ∈ so
∗(3) is the regular value
of JQ, we have the reduced Hamiltonian hµ(Π, α, l) : Oµ × R
3 × R3(⊂ so∗(3) × R3 × R3) → R
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given by hµ(Π, α, l) = H(A,Π, α, l)|Oµ×R3×R3 . From the rigid body Poisson bracket on so
∗(3)
and the Poisson bracket on T ∗R3, we can get the Poisson bracket on T ∗Q, that is, for F,K :
so
∗(3) × R3 × R3 → R, we have that
{F,K}−(Π, α, l) = −Π · (∇ΠF ×∇ΠK) + {F,K}V (α, l). (5.5)
In particular, for Fµ,Kµ : Oµ × R
3 ×R3 → R, we have that ω˜−
Oµ×R
3×R3
(XFµ ,XKµ) =
{Fµ,Kµ}−|Oµ×R3×R3 . Moreover, for reduced Hamiltonian hµ(Π, α, l) : Oµ × R
3 × R3 → R, we
have the Hamiltonian vector field Xhµ(Kµ) = {Kµ, hµ}−|Oµ×R3×R3 .
Assume that γ : SO(3) × R3 → T ∗(SO(3) × R3) is an one-form on SO(3) × R3, and γ∗ :
T ∗T ∗(SO(3)×R3)→ T ∗(SO(3)×R3) is symplectic, and γ is closed with respect to TπSO(3)×R3 :
TT ∗(SO(3) × R3) → T (SO(3) × R3), and Im(γ) ⊂ J−1Q (µ), and it is SO(3)µ-invariant, and γ¯ =
πµ(γ) : SO(3)×R
3 → Oµ×R
3×R3. Denote by γ¯(A,α) = (γ¯1, γ¯2, γ¯3, γ¯4, γ¯5, γ¯6, γ¯7, γ¯8, γ¯9)(A,α) ∈
Oµ ×R
3 ×R3(⊂ so∗(3)×R3 ×R3), and (γ¯1, γ¯2, γ¯3)(A,α) ∈ Oµ, then hµ · γ¯ : SO(3)×R
3 → R is
given by
hµ · γ¯(A,α) = H · γ¯(A,α)|Oµ×R3×R3
=
1
2
[
(γ¯1 − γ¯7)
2
I¯1
+
(γ¯2 − γ¯8)
2
I¯2
+
(γ¯3 − γ¯9)
2
I¯3
+
γ¯27
J1
+
γ¯28
J2
+
γ¯29
J3
],
and the vector field
Xhµ·γ¯(Π) = {Π, hµ · γ¯(A,α)}−|Oµ×R3×R3
= −Π · (∇ΠΠ×∇Π(hµ · γ¯)) + {Π, hµ · γ¯(A,α)}R3 |Oµ×R3×R3
= −∇ΠΠ · (∇Π(hµ · γ¯)×Π) +
3∑
i=1
(
∂Π
∂αi
∂(hµ · γ¯)
∂li
−
∂(hµ · γ¯)
∂αi
∂Π
∂li
)
= (Π1,Π2,Π3)× (
(γ¯1 − γ¯7)
I¯1
,
(γ¯2 − γ¯8)
I¯2
,
(γ¯3 − γ¯9)
I¯3
)
= (
I¯2Π2(γ¯3 − γ¯9)− I¯3Π3(γ¯2 − γ¯8)
I¯2I¯3
,
I¯3Π3(γ¯1 − γ¯7)− I¯1Π1(γ¯3 − γ¯9)
I¯3I¯1
,
I¯1Π1(γ¯2 − γ¯8)− I¯2Π2(γ¯1 − γ¯7)
I¯1I¯2
),
since ∇ΠΠ = 1, and ∇Πj(hµ · γ¯) = (γ¯j − γ¯j+6)/I¯j , j = 1, 2, 3, and
∂Π
∂αi
=
∂(hµ·γ¯)
∂αi
= 0, i = 1, 2, 3.
Xhµ·γ¯(α) = {α, hµ · γ¯(A,α)}−|Oµ×R3×R3
= −Π · (∇Πα×∇Π(hµ · γ¯)) + {α, hµ · γ¯(A,α)}R3 |Oµ×R3×R3
= −∇Πα · (∇Π(hµ · γ¯)×Π) +
3∑
i=1
(
∂α
∂αi
∂(hµ · γ¯)
∂li
−
∂(hµ · γ¯)
∂αi
∂α
∂li
)
= (−
(γ¯1 − γ¯7)
I¯1
+
γ¯7
J1
, −
(γ¯2 − γ¯8)
I¯2
+
γ¯8
J2
, −
(γ¯3 − γ¯9)
I¯3
+
γ¯9
J3
),
since ∇Πα = 0,
∂αj
∂αi
= 1, j = i, and
∂αj
∂αi
= 0, j 6= i,
∂(hµ·γ¯)
∂αi
= 0, i = 1, 2, 3.
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Xhµ·γ¯(l) = {l, hµ · γ¯(A,α)}−|Oµ×R3×R3
= −Π · (∇Πl ×∇Π(hµ · γ¯)) + {l, hµ · γ¯(A,α)}R3 |Oµ×R3×R3
= −∇Πl · (∇Π(hµ · γ¯)×Π) +
3∑
i=1
(
∂l
∂αi
∂(hµ · γ¯)
∂li
−
∂(hµ · γ¯)
∂αi
∂l
∂li
) = (0, 0, 0),
since ∇Πl = 0, and
∂l
∂αi
=
∂(hµ·γ¯)
∂αi
= 0, i = 1, 2, 3. From Theorem 5.1, if we consider the
rigid body-rotor system with a control torque u : T ∗Q → T ∗Q acting on the rotors, and u ∈
W ⊂ J−1Q (µ) is invariant under the left SO(3)-action, and its reduced control torque uµ :
Oµ×R
3×R3 → Oµ×R
3×R3 is given by uµ(Π, α, l) = πµ(u(A,Π, α, l)) = u(A,Π, α, l)|Oµ×R3×R3 ,
where πµ : J
−1
Q (µ) → Oµ × R
3 × R3. The dynamical vector field of RP -reduced RCH system
(Oµ × R
3 × R3, ω˜−
Oµ×R
3×R3
, hµ, uµ) is given by
X(Oµ×R3×R3,ω˜−
Oµ×R3×R3
,hµ,uµ)
= Xhµ + vlift(uµ),
where vlift(uµ) = vlift(uµ)Xhµ ∈ T (Oµ×R
3×R3). Assume that vlift(uµ·γ¯)(A,α) = (U1, U2, U3, U4,
U5, U6, U7, U8, U9)(A,α) ∈ T (Oµ×R
3×R3), then the Hamilton-Jacobi equations for rigid body-
rotor system with the control torque u acting on the rotors are given by


I¯2Π2(γ¯3 − γ¯9)− I¯3Π3(γ¯2 − γ¯8) + I¯2I¯3U1 = 0,
I¯3Π3(γ¯1 − γ¯7)− I¯1Π1(γ¯3 − γ¯9) + I¯3I¯1U2 = 0,
I¯1Π1(γ¯2 − γ¯8)− I¯2Π2(γ¯1 − γ¯7) + I¯1I¯2U3 = 0,
− J1(γ¯1 − γ¯7) + I¯1γ¯7 + I¯1J1U4 = 0,
− J2(γ¯2 − γ¯8) + I¯2γ¯8 + I¯2J2U5 = 0,
− J3(γ¯3 − γ¯9) + I¯3γ¯9 + I¯3J3U6 = 0,
U7 = U8 = U9 = 0.
(5.6)
To sum up the above discussion, we have the following proposition.
Proposition 5.2 The 5-tuple (T ∗Q,SO(3), ωQ,H, u), where Q = SO(3)×R
3, is a regular point
reducible RCH system. For a point µ ∈ so∗(3), the regular value of the momentum map
JQ : SO(3) × so
∗(3) × R3 × R3 → so∗(3), the RP -reduced system is the 4-tuple (Oµ × R
3 ×
R
3, ω˜−
Oµ×R
3×R3
, hµ, uµ), where Oµ ⊂ so
∗(3) is the coadjoint orbit, ω˜−
Oµ×R
3×R3
is orbit symplectic
form on Oµ×R
3×R3, hµ(Π, α, l) = H(A,Π, α, l)|Oµ×R3×R3, uµ(Π, α, l) = u(A,Π, α, l)|Oµ×R3×R3 .
Assume that γ : SO(3) × R3 → T ∗(SO(3) × R3) is an one-form on SO(3) × R3, and γ∗ :
T ∗T ∗(SO(3)×R3)→ T ∗(SO(3)×R3) is symplectic, and γ is closed with respect to TπSO(3)×R3 :
TT ∗(SO(3) × R3) → T (SO(3) × R3), and Im(γ) ⊂ J−1Q (µ), and it is SO(3)µ-invariant, and
γ¯ = πµ(γ) : SO(3) × R
3 → Oµ × R
3 × R3. Then γ¯ is a solution of either Hamilton-Jacobi
equation of rigid body with three symmetric internal rotors given by (5.6), or the equation
Xhµ·γ¯ +vlift(uµ · γ¯) = X˜
γ , if and only if X˜γ and X˜µ are γ¯-related, where X˜
γ = TπSO(3)×R3 · X˜ ·
γ, X˜ = X(T ∗Q,SO(3),ωQ,H,u), and X˜µ = X(Oµ×R3×R3,ω˜−
Oµ×R3×R3
,hµ,uµ)
.
Remark 5.3 If we consider that Lie group G = SO(3) × R3 acts freely and properly on the
cotangent bundle T ∗Q = T ∗SO(3) × T ∗R3, by cotangent lift at the identity Φ : SO(3) × R3 ×
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T ∗SO(3)×T ∗R3 ∼= SO(3)×R3×SO(3)× so∗(3)×R3×R3 → SO(3)× so∗(3)×R3×R3, given by
Φ((B,φ)(A,Π, α, l)) = (BA,Π, α+ φ, l), and it admits a associated Ad∗-equivariant momentum
map JQ : T
∗Q ∼= SO(3)×so∗(3)×R3×R3 → so∗(3)×R3 for the left SO(3)×R3 action. For µ ∈
g
∗ = so∗(3)×R3, a regular value of JQ, then the regular point reduced space (T
∗Q)µ = J
−1
Q (µ)/Gµ
is symplectically diffeomorphic to the coadjoint orbit Oµ×R
3 ⊂ so∗(3)×R3. By using the above
same way, we can state that the 5-tuple (T ∗(SO(3)×R3),SO(3)×R3, ωSO(3)×R3 ,H, u), is a regular
point reducible RCH system, and the RP -reduced system is the 4-tuple (Oµ×R
3, ω˜−
Oµ×R
3 , hµ, uµ).
Moreover, assume that γ : SO(3) × R3 → T ∗(SO(3) × R3) is an one-form on SO(3) × R3,
and γ∗ : T ∗T ∗(SO(3) × R3) → T ∗(SO(3) × R3) is symplectic, and γ is closed with respect
to TπSO(3)×R3 : TT
∗(SO(3) × R3) → T (SO(3) × R3), and Im(γ) ⊂ J−1Q (µ), and it is Gµ-
invariant, and γ¯ = πµ(γ) : SO(3) × R
3 → Oµ × R
3. Then γ¯ is a solution of either Hamilton-
Jacobi equation of rigid body with three symmetric internal rotors given by the following (5.7),
or the equation Xhµ·γ¯ + vlift(uµ · γ¯) = X˜
γ , if and only if X˜γ and X˜µ are γ¯-related, where
X˜γ = TπSO(3)×R3 · X˜ · γ, X˜ = X(T ∗Q,SO(3)×R3,ωQ,H,u), and X˜µ = X(Oµ×R3,ω˜−
Oµ×R3
,hµ,uµ)
.


I¯2Π2(γ¯3 − γ¯6)− I¯3Π3(γ¯2 − γ¯5) + I¯2I¯3U1 = 0,
I¯3Π3(γ¯1 − γ¯4)− I¯1Π1(γ¯3 − γ¯6) + I¯3I¯1U2 = 0,
I¯1Π1(γ¯2 − γ¯5)− I¯2Π2(γ¯1 − γ¯4) + I¯1I¯2U3 = 0,
U4 = U5 = U6 = 0.
(5.7)
5.3 Hamilton-Jacobi Equation of Heavy Top with Internal Rotors
In the following we regard the heavy top with two pairs of symmetric internal rotors as a regular
point reducible RCH system on the generalization of Euclidean group SE(3)×R2, and give the
Hamilton-Jacobi equation of its reduced RCH system by calculation in detail. Note that our
description of the motion and the equations of heavy top with internal rotors in this subsection
follows some of the notations and conventions in Marsden and Ratiu [17], Marsden [14], Marsden
et al [18].
We first describe a heavy top with two pairs of symmetric rotors. We mount two pairs of ro-
tors within the top so that each pair’s rotation axis is parallel to the first and the second principal
axes of the top. The rotor spins under the influence of a torque u acting on the rotor. The config-
uration space is Q = SE(3)×V , where V = S1×S1, with the first factor being the position of the
heavy top and the second factor being the angles of rotors. The corresponding phase space is the
cotangent bundle T ∗Q = T ∗SE(3)×T ∗V , where T ∗V = T ∗(S1×S1) ∼= T ∗R2, with the canonical
symplectic form. Let Lie group G = SE(3) acts freely and properly on Q by the left translation
on SE(3), then the action of SE(3) on the phase space T ∗Q is by cotangent lift of left translation
on SE(3) at the identity, that is, Φ : SE(3)×T ∗SE(3)×T ∗V ∼= SE(3)×SE(3)×se∗(3)×R2×R2 →
SE(3)× se∗(3)×R2×R2, given by Φ((B,u)((A, v), (Π, w), α, l)) = ((BA, v), (Π, w), α, l), for any
A,B ∈ SO(3), Π ∈ so∗(3), u, v, w ∈ R3, α, l ∈ R2, which is also free and proper, and admits a
associated Ad∗-equivariant momentum map JQ : T
∗Q ∼= SE(3) × se∗(3)× R2 × R2 → se∗(3) for
the left SE(3) action. If (Π, w) ∈ se∗(3) is a regular value of JQ, then the regular point reduced
space (T ∗Q)(Π,w) = J
−1
Q (Π, w)/SE(3)(Π,w) is symplectically diffeomorphic to the coadjoint orbit
O(Π,w) × R
2 × R2 ⊂ se∗(3) × R2 × R2.
Let I = diag(I1, I2, I3) be the moment of inertia of the heavy top in the body-fixed frame.
Let Ji, i = 1, 2 be the moments of inertia of rotors around their rotation axes. Let Jik, i =
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1, 2, k = 1, 2, 3, be the moments of inertia of the i-th rotor with i = 1, 2 around the k-th prin-
cipal axis with k = 1, 2, 3, respectively, and denote by I¯i = Ii + J1i + J2i − Jii, i = 1, 2, and
I¯3 = I3+J13+J23. Let Ω = (Ω1,Ω2,Ω3) be the vector of heavy top angular velocities computed
with respect to the axes fixed in the body and (Ω1,Ω2,Ω3) ∈ so(3). Let θi, i = 1, 2, be the
relative angles of rotors and θ˙ = (θ˙1, θ˙2) the vector of rotor relative angular velocities about the
principal axes with respect to the body fixed frame of heavy top. Let m be that total mass of
the system, g be the magnitude of the gravitational acceleration and h be the distance from the
origin O to the center of mass of the system.
Consider the Lagrangian L(A, v,Ω,Γ, θ, θ˙) : TQ ∼= SE(3) × se(3) × R2 × R2 → R, which is
the total kinetic energy of the heavy top plus the total kinetic energy of the rotor minus the
potential energy of the system, given by
L(A, v,Ω,Γ, θ, θ˙) =
1
2
[I¯1Ω
2
1 + I¯2Ω
2
2 + I¯3Ω
2
3 + J1(Ω1 + θ˙1)
2 + J2(Ω2 + θ˙2)
2]−mghΓ · χ,
where (A, v) ∈ SE(3), (Ω,Γ) ∈ se(3) and Ω = (Ω1,Ω2,Ω3) ∈ so(3), Γ ∈ R
3, θ = (θ1, θ2) ∈ R
2,
θ˙ = (θ˙1, θ˙2) ∈ R
2. If we introduce the conjugate angular momentum, which is given by
Πi =
∂L
∂Ωi
= I¯iΩi + Ji(Ωi + θ˙i), i = 1, 2,
Π3 =
∂L
∂Ω3
= I¯3Ω3, li =
∂L
∂θ˙i
= Ji(Ωi + θ˙i), i = 1, 2,
and by the Legendre transformation FL : TQ ∼= SE(3)×se(3)×R2×R2 → T ∗Q ∼= SE(3)×se∗(3)×
R
2×R2, (A, v,Ω,Γ, θ, θ˙)→ (A, v,Π,Γ, θ, l), where Π = (Π1,Π2,Π3) ∈ so
∗(3), l = (l1, l2) ∈ R
2,
we have the Hamiltonian H(A, v,Π,Γ, θ, l) : T ∗Q ∼= SE(3)× se∗(3) ×R2 × R2 → R given by
H(A, v,Π,Γ, θ, l) = Ω · Π+ θ˙ · l − L(A, v,Ω,Γ, θ, θ˙)
= I¯1Ω
2
1 + J1(Ω
2
1 +Ω1θ˙1) + I¯2Ω
2
2 + J2(Ω
2
2 +Ω2θ˙2) + I¯3Ω
2
3 + J1(θ˙1Ω1 + θ˙
2
1)
+ J2(θ˙2Ω2 + θ˙
2
2)−
1
2
[I¯1Ω
2
1 + I¯2Ω
2
2 + I¯3Ω
2
3 + J1(Ω1 + θ˙1)
2 + J2(Ω2 + θ˙2)
2] +mghΓ · χ
=
1
2
[
(Π1 − l1)
2
I¯1
+
(Π2 − l2)
2
I¯2
+
Π23
I¯3
+
l21
J1
+
l22
J2
] +mghΓ · χ.
From the above expression of the Hamiltonian, we know that H(A, v,Π,Γ, θ, l) is invariant under
the left SE(3)-action Φ : SE(3) × T ∗Q → T ∗Q. For the case (Π0,Γ0) = (µ, a) ∈ se
∗(3) is the
regular value of JQ, we have the reduced Hamiltonian h(µ,a)(Π,Γ, θ, l) : O(µ,a) × R
2 × R2(⊂
se
∗(3) × R2 × R2) → R given by h(µ,a)(Π,Γ, θ, l) = H(A, v,Π,Γ, θ, l)|O(µ,a)×R2×R2 . From the
heavy top Poisson bracket on se∗(3) and the Poisson bracket on T ∗R2, we can get the Poisson
bracket on T ∗Q, that is, for F,K : se∗(3)× R2 ×R2 → R, we have that
{F,K}−(Π,Γ, θ, l) = −Π · (∇ΠF ×∇ΠK)− Γ · (∇ΠF ×∇ΓK −∇ΠK ×∇ΓF ) + {F,K}V (θ, l).
(5.8)
In particular, for F(µ,a),K(µ,a) : O(µ,a) × R
2 × R2 → R, we have that
ω˜−
O(µ,a)×R
2×R2
(XF(µ,a) ,XK(µ,a)) = {F(µ,a),K(µ,a)}−|O(µ,a)×R2×R2 .
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Moreover, for reduced Hamiltonian h(µ,a)(Π,Γ) : O(µ,a)×R
2×R2 → R, we have the Hamiltonian
vector field Xh(µ,a)(K(µ,a)) = {K(µ,a), h(µ,a)}−|O(µ,a)×R2×R2 .
Assume that γ : SE(3) × R2 → T ∗(SE(3) × R2) is an one-form on SE(3) × R2, and γ∗ :
T ∗T ∗(SE(3)×R2)→ T ∗(SE(3)×R2) is symplectic, and γ is closed with respect to TπSE(3)×R2 :
TT ∗(SE(3)×R2)→ T (SE(3)×R2), and Im(γ) ⊂ J−1((µ, a)), and it is SE(3)(µ,a)-invariant, and
γ¯ = π(µ,a)(γ) : SE(3)×R
2 → O(µ,a)×R
2×R2. Denote by γ¯(A, v, θ) = (γ¯1, γ¯2, γ¯3,Γ1,Γ2,Γ3, γ¯4, γ¯5,
γ¯6, γ¯7)(A, v, θ) ∈ O(µ,a) ×R
2×R2(⊂ se∗(3)×R2×R2), then h(µ,a) · γ¯ : SE(3)×R
2 → R is given
by
h(µ,a) · γ¯(A, v, θ) = H · γ¯(A, v, θ)|O(µ,a)×R2×R2
=
1
2
[
(γ¯1 − γ¯6)
2
I¯1
+
(γ¯2 − γ¯7)
2
I¯2
+
γ¯23
I¯3
+
γ¯26
J1
+
γ¯27
J2
] +mghΓ · χ,
and the vector field
Xh(µ,a)·γ¯(Π) = {Π, h(µ,a) · γ¯(A, v, θ)}−|O(µ,a)×R2×R2
= −Π · (∇ΠΠ×∇Π(h(µ,a) · γ¯))− Γ · (∇ΠΠ×∇Γ(h(µ,a) · γ¯)−∇Π(h(µ,a) · γ¯)×∇ΓΠ)
+ {Π, h(µ,a) · γ¯(A, v, θ)}R2 |O(µ,a)×R2×R2
= −∇ΠΠ · (∇Π(h(µ,a) · γ¯)×Π)−∇ΠΠ · (∇Γ(h(µ,a) · γ¯)× Γ)
+
2∑
i=1
(
∂Π
∂θi
∂(h(µ,a) · γ¯)
∂li
−
∂(h(µ,a) · γ¯)
∂θi
∂Π
∂li
)
= (Π1,Π2,Π3)× (
(γ¯1 − γ¯6)
I¯1
,
(γ¯2 − γ¯7)
I¯2
,
γ¯3
I¯3
) +mgh(Γ1,Γ2,Γ3)× (χ1, χ2, χ3)
= (
I¯2Π2γ¯3 − I¯3Π3(γ¯2 − γ¯7)
I¯2I¯3
+mgh(Γ2χ3 − Γ3χ2),
I¯3Π3(γ¯1 − γ¯6)− I¯1Π1γ¯3
I¯3I¯1
+mgh(Γ3χ1 − Γ1χ3),
I¯1Π1(γ¯2 − γ¯7)− I¯2Π2(γ¯1 − γ¯6)
I¯1I¯2
+mgh(Γ1χ2 − Γ2χ1)),
since ∇ΠΠ = 1, ∇ΓΠ = 0,
∂Π
∂θi
= ∂Π∂li = 0, i = 1, 2, Γ = (Γ1,Γ2,Γ3), χ = (χ1, χ2, χ3), and
∇Πj (h(µ,a) · γ¯) = (γ¯j − γ¯j+5)/I¯j , j = 1, 2, ∇Π3(h(µ,a) · γ¯) = γ¯3/I¯3.
Xh(µ,a)·γ¯(Γ) = {Γ, h(µ,a) · γ¯(A, v, θ)}−|O(µ,a)×R2×R2
= −Π · (∇ΠΓ×∇Π(h(µ,a) · γ¯))− Γ · (∇ΠΓ×∇Γ(h(µ,a) · γ¯)−∇Π(h(µ,a) · γ¯)×∇ΓΓ)
+ {Γ, h(µ,a) · γ¯(A, v, θ)}R2 |O(µ,a)×R2×R2
= ∇ΓΓ · (Γ×∇Π(h(µ,a) · γ¯)) +
2∑
i=1
(
∂Γ
∂θi
∂(h(µ,a) · γ¯)
∂li
−
∂(h(µ,a) · γ¯)
∂θi
∂Γ
∂li
)
= (Γ1,Γ2,Γ3)× (
(γ¯1 − γ¯6)
I¯1
,
(γ¯2 − γ¯7)
I¯2
,
γ¯3
I¯3
)
= (
I¯2Γ2γ¯3 − I¯3Γ3(γ¯2 − γ¯7)
I¯2I¯3
,
I¯3Γ3(γ¯1 − γ¯6)− I¯1Γ1γ¯3
I¯3I¯1
,
I¯1Γ1(γ¯2 − γ¯7)− I¯2Γ2(γ¯1 − γ¯6)
I¯1I¯2
),
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since ∇ΓΓ = 1, ∇ΠΓ = 0,
∂Γ
∂θi
= ∂Γ∂li = 0, i = 1, 2.
Xh(µ,a)·γ¯(θ) = {θ, h(µ,a) · γ¯(A, v, θ)}−|O(µ,a)×R2×R2
= −Π · (∇Πθ ×∇Π(h(µ,a) · γ¯))− Γ · (∇Πθ ×∇Γ(h(µ,a) · γ¯)−∇Π(h(µ,a) · γ¯)×∇Γθ)
+ {θ, h(µ,a) · γ¯(A, v, θ)}R2 |O(µ,a)×R2×R2
=
2∑
i=1
(
∂θ
∂θi
∂(h(µ,a) · γ¯)
∂li
−
∂(h(µ,a) · γ¯)
∂θi
∂θ
∂li
)
= (−
(γ¯1 − γ¯6)
I¯1
+
γ¯6
J1
, −
(γ¯2 − γ¯7)
I¯2
+
γ¯7
J2
),
since ∇Πθ = ∇Γθ = 0,
∂θj
∂θi
= 1, j = i,
∂θj
∂θi
= 0, j 6= i, ∂θ∂li = 0, i = 1, 2.
Xh(µ,a)·γ¯(l) = {l, h(µ,a) · γ¯(A, v, θ)}−|O(µ,a)×R2×R2
= −Π · (∇Πl ×∇Π(h(µ,a) · γ¯))− Γ · (∇Πl ×∇Γ(h(µ,a) · γ¯)−∇Π(h(µ,a) · γ¯)×∇Γl)
+ {l, h(µ,a) · γ¯(A, v, θ)}R2 |O(µ,a)×R2×R2
=
2∑
i=1
(
∂l
∂θi
∂(h(µ,a) · γ¯)
∂li
−
∂(h(µ,a) · γ¯)
∂θi
∂l
∂li
) = (0, 0),
since ∇Πl = ∇Γl = 0,
∂l
∂θi
= 0, and
∂(h(µ,a)·γ¯)
∂θi
= 0, i = 1, 2. From Theorem 5.1, if we consider
the heavy top-rotor system with a control torque u : T ∗Q → T ∗Q acting on the rotors, and
u ∈ W ⊂ J−1Q ((µ, a)) is invariant under the left SE(3)-action, and its reduced control torque
u(µ,a) : O(µ,a)×R
2×R2 → O(µ,a)×R
2×R2 is given by u(µ,a)(Π,Γ, θ, l) = π(µ,a)(u(A, v,Π,Γ, θ, l)) =
u(A, v,Π,Γ, θ, l)|O(µ,a)×R2×R2 , where π(µ,a) : J
−1
Q ((µ, a))→ O(µ,a)×R
2×R2. The dynamical vector
field of RP -reduced RCH system (O(µ,a) × R
2 × R2, ω˜−
O(µ,a)×R
2×R2
, h(µ,a), u(µ,a)) is given by
X(O(µ,a)×R2×R2,ω˜−
O(µ,a)×R
2×R2
,h(µ,a),u(µ,a))
= Xh(µ,a) + vlift(u(µ,a)),
where vlift(u(µ,a)) = vlift(u(µ,a))Xh(µ,a) ∈ T (O(µ,a)×R
2×R2). Assume that vlift(u(µ,a)·γ¯)(A, v, θ) =
(U1, U2, U3, U4, U5, U6, U7, U8, U9, U10)(A, v, θ) ∈ T (O(µ,a) × R
2 × R2), then the Hamilton-Jacobi
equations for heavy top-rotor system with the control torque u acting on the rotors are given by


I¯2Π2γ¯3 − I¯3Π3(γ¯2 − γ¯7) +mghI¯2I¯3(Γ2χ3 − Γ3χ2) + I¯2I¯3U1 = 0,
I¯3Π3(γ¯1 − γ¯6)− I¯1Π1γ¯3 +mghI¯3I¯1(Γ3χ1 − Γ1χ3) + I¯3I¯1U2 = 0,
I¯1Π1(γ¯2 − γ¯7)− I¯2Π2(γ¯1 − γ¯6) +mghI¯1I¯2(Γ1χ2 − Γ2χ1) + I¯1I¯2U3 = 0,
I¯2Γ2γ¯3 − I¯3Γ3(γ¯2 − γ¯7) + I¯2I¯3U4 = 0,
I¯3Γ3(γ¯1 − γ¯6)− I¯1Γ1γ¯3 + I¯3I¯1U5 = 0,
I¯1Γ1(γ¯2 − γ¯7)− I¯2Γ2(γ¯1 − γ¯6) + I¯1I¯2U6 = 0,
− J1(γ¯1 − γ¯6) + I¯1γ¯6 + I¯1J1U7 = 0,
− J2(γ¯2 − γ¯7) + I¯2γ¯7 + I¯2J2U8 = 0,
U9 = U10 = 0.
(5.9)
To sum up the above discussion, we have the following proposition.
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Proposition 5.4 The 5-tuple (T ∗Q,SE(3), ωQ,H, u), where Q = SE(3)×R
2, is a regular point
reducible RCH system. For a point (µ, a) ∈ se∗(3), the regular value of the momentum map
JQ : SE(3) × se
∗(3) × R2 × R2 → se∗(3), the RP -reduced system is the 4-tuple (O(µ,a) × R
2 ×
R
2, ω˜−
O(µ,a)×R
2×R2
, h(µ,a), u(µ,a)), where O(µ,a) ⊂ se
∗(3) is the coadjoint orbit, ω˜−
O(µ,a)×R
2×R2
is
orbit symplectic form on O(µ,a)×R
2×R2, h(µ,a)(Π,Γ, θ, l) = H(A, v,Π,Γ, θ, l)|O(µ,a)×R2×R2 , and
u(µ,a)(Π,Γ, θ, l) = u(A, v,Π,Γ, θ, l)|O(µ,a)×R2×R2 . Assume that γ : SE(3)×R
2 → T ∗(SE(3)×R2) is
an one-form on SE(3)×R2, and γ∗ : T ∗T ∗(SE(3)×R2)→ T ∗(SE(3)×R2) is symplectic, and γ is
closed with respect to TπSE(3)×R2 : TT
∗(SE(3) × R2)→ T (SE(3) × R2), and Im(γ) ⊂ J−1(µ, a),
and it is SE(3)(µ,a)-invariant, and γ¯ = π(µ,a)(γ) : SE(3) × R
2 → O(µ,a) × R
2 × R2. Then γ¯
is a solution of either the Hamilton-Jacobi equation of heavy top with two pairs of symmetric
internal rotors given by (5.9), or the equation XhO(µ,a) ·γ¯
+ vlift(u(µ,a) · γ¯) = X˜
γ , if and only
if X˜γ and X˜(µ,a) are γ¯-related, where X˜
γ = TπSE(3)×R2 · X˜ · γ, X˜ = X(T ∗Q,SE(3),ωQ,H,u), and
X˜(µ,a) = X(O(µ,a)×R2×R2,ω˜−
O(µ,a)×R
2×R2
,h(µ,a),u(µ,a))
.
When the heavy top does not carry any internal rotor, in this case Q = G = SE(3), and the
heavy top is a regular point reducible Hamiltonian system (T ∗SE(3),SE(3), ω,H), and hence
it is also a regular point reducible RCH system without the external force and control. For
a point (µ, a) ∈ se∗(3), the regular value of the momentum map J : T ∗SE(3) → se∗(3), the
Marsden-Weinstein reduced system is 3-tuple (O(µ,a), ωO(µ,a) , hO(µ,a)), where O(µ,a) ⊂ se
∗(3) is
the coadjoint orbit, ωO(µ,a) is orbit symplectic form on O(µ,a), which is induced by the heavy top
Poisson bracket on se∗(3), hO(µ,a)(Π,Γ) = H(A, v,Π,Γ)|O(µ,a) . From Wang [25] we know that
the Lie-Poisson Hamilton-Jacobi equation of heavy top is given by


I2Π2γ¯3 − I3Π3γ¯2 +mghI2I3(Γ2χ3 − Γ3χ2) = 0,
I3Π3γ¯1 − I1Π1γ¯3 +mghI3I1(Γ3χ1 − Γ1χ3) = 0,
I1Π1γ¯2 − I2Π2γ¯1 +mghI1I2(Γ1χ2 − Γ2χ1) = 0,
I2Γ2γ¯3 − I3Γ3γ¯2 = 0,
I3Γ3γ¯1 − I1Γ1γ¯3 = 0,
I1Γ1γ¯2 − I2Γ2γ¯1 = 0.
(5.10)
On the other hand, from Marsden et al [18] we know that as two RP -reduced RCH sys-
tems, the rigid body with internal rotors and the heavy top are RCH-equivalent. If ϕ :
Q1 = SO(3) × R
3 → Q2 = SE(3) is a diffeomorphism, and from Remark 5.3 and Theorem
3.6 there is a induced RCH-equivalent map ϕ∗µ/G : O(µ,a) → Oµ × R
3, (Π,Γ) → (Π, l), where
Oµ×R
3 ⊂ so∗(3)×R3 and O(µ,a) ⊂ se
∗(3) are coadjoint orbits. Moreover, from RCH-equivalence
and Theorem 2.4, we know that there exists a control law u : T ∗(SO(3) × R) → W, and its
reduced control law uµ : Oµ × R
3 → Wµ, such that vlift(uµ) = −Xhµ + Tϕ
∗
µ/G · XhO(µ,a)
.
In consequence, if γb : SO(3) × R
3 → T ∗(SO(3) × R3) is an one-form on SO(3) × R3, and
γ∗b : T
∗T ∗(SO(3) × R3) → T ∗(SO(3) × R3) is symplectic, and γb is closed with respect to
TπSO(3)×R3 : TT
∗(SO(3) × R3)→ T (SO(3) × R3), and Im(γb) ⊂ J
−1
Q (µ), and it is Gµ-invariant,
and γ¯b = πµ(γb) : SO(3) × R
3 → Oµ × R
3, is a solution of Hamilton-Jacobi equation of rigid
body with three symmetric internal rotors given by (5.7), then from Theorem 2.9, we know that
γ¯t = (ϕ
−1)∗µ/G · γ¯b · (ϕ)
−1 : SE(3)→ O(µ,a), is a solution of Lie-Poisson Hamilton-Jacobi equation
of heavy top given by (5.10).
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The theory of mechanical control system is a very important subject, following the theoret-
ical development of geometric mechanics, a lot of important problems about this subject are
being explored and studied. In this paper, we study the Hamilton-Jacobi theory of regular
controlled Hamiltonian systems with the symplectic structure and symmetry. Moreover, Wang
in [26] apply the work to give explicitly the motion equation and Hamilton-Jacobi equation of
reduced spacecraft-rotor system on a symplectic leaf by calculation in detail, which show the
effect on controls in regular symplectic reduction and Hamilton-Jacobi theory. But if we define
a controlled Hamiltonian system on the cotangent bundle T ∗Q by using a Poisson structure, see
Wang and Zhang in [27] and Ratiu and Wang in [22], and the way given in this paper cannot be
used, what and how we could do? This is a problem worthy to be considered in detail. On the
other hand, we also note that there have been a lot of results in recent years about reduction
and Hamilton-Jacobi theory of (nonholonomic) mechanical systems on Lie algebroids and Lie
groupoids, see Balseiro et al [3], Leo´n et al [12] and Barbero-Lin˜a´n et al [4]. Thus, it is an
important topic to study the reduction and Hamilton-Jacobi theory of controlled mechanical
systems on Lie algebroids and Lie groupoids, and it needs the deeper understanding for the
structures of Lie algebroid and Lie groupoid and controlled mechanical systems, and for the
reduction and Hamilton-Jacobi theory. This is our goal in future research.
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